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Abstract: We explore the phases of N = 1 supersymmetric U(N) gauge theories
with fundamental matter that arise as deformations of N = 2 SQCD by the addition
of a superpotential for the adjoint chiral multiplet. As the parameters in the super-
potential are varied, the vacua of this theory sweep out various branches, which in
some cases have multiple semiclassical limits. In such limits, we recover the vacua
of various product gauge group theories, with flavors charged under some group fac-
tors. We describe in detail the structure of the vacua in both classical and quantum
regimes, and develop general techniques such as an addition and a multiplication
map which relate vacua of different gauge theories. We also consider possible indices
characterizing different branches and potential relationships with matrix models.
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1. Introduction
Traditionally, there are two senses in which two quantum field theories can be “dual”
to each other. On the one hand, two theories can be equivalent to each other in the
sense that all the correlation functions of one can be computed from the other (and
vice versa) by a suitable identification of dual variables. An example is the electric-
magnetic duality of the N = 4 super Yang-Mills theory. Another kind of duality,
described by Seiberg for N = 1 supersymmetric field theories occurs when two
different microscropic theories have identical macroscopic (or infra-red) dynamics.
For example, an N = 1 supersymmetric SU(Nc) gauge theory with 3Nc > Nf >
Nc + 1 fundamental flavours has the same long distance physics as an SU(Nf −Nc)
gauge theory with Nf flavours. Recently, Cachazo, Seiberg and Witten have proposed
another notion of duality in certain N = 1 supersymmetric field theories [1]. Related
observations had been made earlier by Friedmann [2] in the context of G2 holonomy
compactifications and also more recently by Ferrari [3].
This new notion of duality has arisen in the context of the N = 1 U(N) theory
with an adjoint chiral multiplet Φ and superpotential W (Φ). This theory has the
same matter content as the N = 2 pure U(N) gauge theory, and can be thought
of as a deformation of that theory by the addition of a superpotential TrW (Φ).
The fascinating relation of this theory to a bosonic matrix model was uncovered by
Dijkgraaf and Vafa in [4, 5, 6]. It was shown that the superpotential for the glueball
superfield can be computed in an auxiliary matrix model of a single M ×M matrix
Φˆ with potential TrW (Φˆ) in the M →∞ limit.
At the classical level, the theory has vacua in which the diagonal vacuum ex-
pectation value for Φ breaks the gauge group down to
∏
i U(Ni). The VEV for Φ
has diagonal entries ai, each repeated Ni times, where ai are roots of the polynomial
W ′(x). Quantum mechanically, the classical vacua lead to
∏
iNi different vacua.
This description in terms of the unbroken product gauge group only makes sense if
the difference between ai’s is much larger than Λ, the dynamical scale of the N = 2
theory. It is interesting to vary ai by varying the parameters in the superpotential
to pass through a region where the ai are approximately equal to each other, before
being far apart once again. In such a situation, it is possible that a vacuum of the
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∏
i U(Ni) theory is continuously transformed into a vacuum of
∏
i U(N˜i) gauge the-
ory, where N˜i are not the same as Ni. Such a phenomenon has been identified and
studied in the context of G2 holonomy compactifications of M-theory [2] and in the
context of pure SUSY gauge theory [1]. The possibility of a smooth transition of this
kind between two microscopically different theories exists only in cases where the
theories in question possess vacua with the same low energy dynamics, since it is not
then necessary to encounter any singular loci such as points of enhanced symmetry
during the interpolation. It has been proposed that such smooth transitions should
be understood as a new kind of duality, relating microscopic theories which have
vacua with identical low energy dynamics [2, 1].
It is interesting to understand how these ideas extend to the case where funda-
mental matter is included.1 In particular, how does Seiberg duality of N = 1 theories
fit into the story of [1]? Accordingly, we study N = 1 U(N) theory with an adjoint
chiral multiplet Φ, and Nf fundamental and anti-fundamental chiral multiplets Qi
and Q˜i (i = 1 . . .Nf ). We also add a superpotential W = W (Φ) +
√
2Q˜iΦQi +√
2miQ˜iQi. This model is an N = 2 U(N) gauge theory with Nf fundamental hy-
permultiplets which is deformed to N = 1 by addition of the tree level superpotential
TrW (Φ). This theory has classical vacua in which the gauge group is broken down
to
∏n
i=1U(Ni), with Mi fundamental flavors charged under the U(Ni) factor. As in
the case without flavors, this description in terms of product gauge groups is only
valid in the regime of parameters in the superpotential when the roots ai of W
′(x)
are widely separated (|ai − aj | ≫ Λ) and the gauge group U(N) is broken down
to
∏
i U(Ni) at a scale at which the U(N) gauge coupling is weak. The quantum
dynamics in each of these factors depends critically on Mi: an Affleck, Dine, Seiberg
(ADS) superpotential is generated for Mi < Ni; confinement with a quantum defor-
mation of the moduli space occurs when Mi = Ni; confinement without quantum
corrections to the moduli space occurs when Mi = Ni + 1; a magnetic description
in term of dual quarks and gluons is relevant when Mi > Ni + 1, leading to a dual
gauge symmetry U(Mi − Ni) with Mi fundamental quarks and a meson singlet M .
By incorporating these phenomena in our analysis for each gauge group factor, we
can determine the vacua of the product gauge theory.
We can then ask a similar question in the presence of flavors to the one asked
in [1]: by varying the parameters in the superpotential, can we follow these ‘weak
coupling vacua’ into the ‘strong coupling region’, before taking another limit in the
space of parameters which takes us to perhaps another weak coupling region? In
fact, we will show that it is possible, by a smooth variation of parameters in the
superpotential, to continuously interpolate between vacua of theories with different
underlying product gauge groups and different arrangements of charged fundamental
matter under each gauge group factor. This leads to a picture where, as we modifiy
1The generalization of [1] to some other cases has been made in [7, 8]
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the tree-level superpotential TrW (Φ), a low energy observer will see the same physics
while the natural underlying microscopic dynamical variables change completely.
Continuous interpolation is not possible between all vacua of a theory with the same
low energy behaviour – most interpolations will pass through singular points in the
moduli space. Indeed, we point out a set of selection rules that restrict which classical
vacua admit continuous interpolations between each other. More accurately, these
selection rules provide necessary but not sufficient conditions to establish which vacua
of classical theories we can interpolate between.
In Sec. 2, we review the classical moduli space of N = 2 SQCD deformed to
N = 1 by adding a superpotential TrW (Φ). The pure Coulomb branch (where
all squarks have vanishing VEVs) only exists if W ′(−mi) = 0 where mi are the
quark masses. We will mostly restrict ourselves to superpotentials which satisfy this
condition. On the pure Coulomb branch, the adjoint acquires a diagonal VEV, with
the diagonal entries being roots ai of the polynomial W
′(x). With Ni of the diagonal
entries being ai, the gauge group is broken down to
∏
i U(Ni), withMi flavors charged
under the U(Ni) factor. For each of these U(Ni) factors, there is a rich structure of
Higgs branches, indexed by an integer ri. These Higgs branches meet the Coulomb
branch along a submanifold called the root of the r-th Higgs branch.
In Sec. 3, we explore the quantum theory. We employ two approaches which
are valid in different regimes of parameters in the superpotential. We first consider
the case when the difference between the roots of W ′(x) is much greater than Λ, the
N = 2 dynamical scale. In this regime (the weak coupling region), the semiclassical
description in term of product gauge groups is valid and we can analyze each gauge
group factor separately. The adjoint field with mass µ ≫ Λ can be integrated out
from the low energy theory. At scales below Λ1 (given by the matching relation
Λ3Ni−Mi1 = µ
NiΛ2Ni−Mi), the strong coupling dynamics of the resulting U(Ni) theory
with Mi flavors (which depends critically on Mi) becomes relevant. We analyze the
vacuum structure of these N = 1 theories in detail. In these vacua, the meson
M = QQ˜ has a non-zero VEV, which can be characterized by an integer r. In
addition, if Mi ≥ Ni, there are vacua in which the baryons and dual quarks have
non-zero VEVs.
When roots of W ′(x) are nearly the same, it is more appropriate to consider
the N = 1 theory as a small perturbation of a strongly coupled N = 2 gauge
theory with no superpotential. The description of the theory in terms of product
gauge groups is not appropriate. To find the vacua in this regime, we start by
characterizing the submanifold of the N = 2 Coulomb branch which is not lifted by
the N = 1 deformation. This consists of special points in the roots of the various
r-th Higgs branches where a certain number of mutually local magnetic monopoles
become massless. We will label our branches with index r. Furthermore, it turns
out we must distinguish between two types of branches – the “baryonic” and “non-
baryonic” branches, which have different numbers of massless magnetic monopoles.
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The baryonic branches only exists for certain special values of r. On each branch, the
Seiberg-Witten curve, which encodes the quantum dynamics of the N = 2 theory,
factorizes in a particular way. Extremizing the superpotential on this factorization
locus gives us the N = 1 vacua. By a holomorphic variation of the parameters in the
superpotential, we can take a semiclassical limit which transports these vacua to a
regime in which they are appropriately interpreted as vacua of a product gauge theory
with charged flavors under the group factors. These are the vacua discussed in the
previous paragraph. In fact, occasionally, it will be possible to take multiple classical
limits such that the same vacuum in the strong coupling region can be transported
to multiple weak coupling regions where it becomes the vaccum of different product
group theories.
In Sec. 4, we develop general techniques which we use to relate vacua of different
theories. In particular, we introduce an addition map, which relates vacua of a U(N)
theory with Nf flavors in the r-th branch to vacua of a U(N+d) theory, with Nf+2d
flavors on the r + d branch. This map proves to be very useful in later sections. We
also generalize the muliplication map of [9, 1] to include flavors. This can be used
to relate vacua of a U(N) theory to vacua of a U(tN) theory. The multiplication
map suggests how we might define a new index in the presence of flavors that is in
analogy with the “confinement index” defined in the flavorless case case of [1] which
would enable us to distinguish different branches of vacua.
In Sec. 5, we discuss the phase structure of our theory when the superpotential
is quadratic in the adjoint field. We only consider cases with all the flavors having
the same mass. For a U(N) theory with Nf flavors, we analyze two special branches
(with r = Nf/2 and the “baryonic” r = Nf − N) where a general discussion is
possible. Otherwise, we mostly restrict ourselves to working out specific examples. In
particular, we discuss theories with U(2) and U(3) gauge groups and an even number
of flavors. We find the vacua in the strong coupling region on the various branches
and transport them to the weak coupling regime by variation of the parameters in the
superpotential. We check that the number of strong coupling vacua on a particular
branch matches with the number of vacua in the weak coupling region. In the case
of a quadratic superpotential no interpolations between different classical vacua are
possible, but the phase structure is nevertheless interesting.
In Sec. 6, we consider the theory with a cubic superpotential and analyze in
detail the phase structure of specific theories on various branches. In particular,
we consider the U(2), U(3) and U(4) theories with various number of flavors. In
the semiclassical limits, the we approach a theory with two gauge group factors and
flavors charged under one of the factors. We analyze the classical limits of various
branches, count the number of vacua and find a match between the weak and strong
coupling analyses. In particular, on some branches of U(4) theory with zero, two
and four flavors, we find smooth interpolations amongst different classical vacua.
The phase structure is different for different numbers of flavors. When no flavors are
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present, a smooth interpolation exists between some vacua of U(2)×U(2) and those of
U(1)×U(3) [1]. With two flavors, the three classical limits, viz , U(4)→ U(2)×U(2)
with flavors charged under one U(2) factor, U(4)→ U(1)×U(3) with flavors charged
under U(1), and U(4) → U(1) × U(3) with flavors charged under the U(3) factor,
are all smoothly connected. However, with four flavors, the classical limit in which
flavors are charged under U(2) can only be connected with the one in which they are
charged under U(3). In addition, there is a different branch on which the U(1)×U(3)
theories with flavors charged under U(1) and U(3) are smoothly connected. Recall
that a U(3) theory with four flavors has a dual description in terms of a U(1) theory
with four flavors. Thus the smooth interpolation on this branch relates vacua of two
Seiberg dual theories.2 With six flavors, the phase structure of U(4) theory is quite
different: there is no smooth interpolation between vacua of the three classical limits
mentioned above.
We end this section by briefly mentioning some assumptions made in this paper
to simplify analysis:
1. All the flavors have the same mass mi = m. The generalization to the case
with different masses is straightforward. As described above the branches of
a single gauge group factor with massless fundamentals are labeled by an in-
teger r. When there are different masses, the possible branches will be more
intricate and will be labeled by a set of integers (r1, r2, ..., rk). More interesting
interpolations between vacua can then occur.
2. We have restricted ourselves to superpotentialsW (x) such that−m is one of the
roots of W ′(x). This is for the following reason: if W ′(−m) 6= 0, Q, Q˜ (which
are flavors under the gauge group factor U(Ni) arising from Ni diagonal entries
of −m in the VEV of Φ) must necessarily have non-zero VEVs and hence the
gauge group U(Ni) would be completely Higgsed. Thus we will be reduced to
the case in which there are no massless flavors under any of the gauge group
factor. The latter situation has already been discsussed in [1].
3. We mostly consider an even number of flavors (except for one example). The
reason is that the computations in examples with an odd number of flavors are
more involved. However, we expect that the difference between even and odd
flavors is technical and will not lead to significantly different physical phenom-
ena.
2. The Classical Moduli Space
We will be studying N = 2 supersymmetric U(N) gauge theory with Nf fundamental
2This is slightly inaccurate. The two theories in the dual pair are not precisely related by Seiberg
duality, but are deformations, by a relevant operator, of theories that are Seiberg dual.
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hypermultiplets, with the supersymmetry broken down to N = 1 by addition of a
tree level superpotential for Φ, the adjoint chiral superfield in the N = 2 gauge
multiplet:
W = W (Φ) +
√
2Q˜aiΦbaQib +
√
2Q˜aimijQja, (2.1)
where
W (Φ) =
p+1∑
j=1
gjuj =
p+1∑
j=1
gj
Tr(Φj)
j
. (2.2)
The mass matrix is diagonal as
m = diag[m1IM1, m2IM2, ..., mkIMk ],
k∑
i=1
Mi = Nf , (2.3)
with different mi. The anomaly free global symmetry is
∏k
a=1 SU(Ma).
An important property of this theory is the existence of classical flat directions.3
These are determined by solving the F and D-term equations:
0 = [Φ,Φ†] (2.4)
0 = Qia(Q†)bi − (Q˜†)iaQ˜bi D− terms (2.5)
0 = W ′(Φ)ab +
√
2Q˜aiQib (2.6)
0 = Q˜ajΦba + Q˜bimij F− terms (2.7)
0 = ΦbaQib +mijQja (2.8)
Eq (2.4) implies that Φ can be brought into a diagonal form via a gauge transforma-
tion:
Φ = [λ1IN1, λ2IN2 , ...., λsINs],
s∑
i=1
Ni = N. (2.9)
The gauge symmetry is broken down to U(N)→ ∏si=1 U(Ni).
Qia, (tQ˜)ia are N × Nf matrices. From eq (2.7) and (2.8), we can see that these
matrices are non-zero if and only if λi+mj = 0 for some i, j. This simply reflects the
statement that the Higgs branch emanates from the point in the Coulomb branch
where the quarks are massless. By relabeling indices, we can choose λu = −mu for
u = 1, . . . , h. Then, Q and Q˜ are:
Q =

Q1 0 0 0
0 Q2 0 0
0 0 Qh 0
0 0 0 0
 , tQ˜ =

tQ˜1 0 0 0
0 tQ˜2 0 0
0 0 tQ˜h 0
0 0 0 0
 , (2.10)
3The moduli space of this theory but with gauge group SU(N) instead of U(N) has been
discussed extensively in the literature [10, 12, 14, 13]. We will adapt these results for the U(N)
theory.
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where Qu,
tQ˜u are Nu×Mu matrices. With this form for Q and Q˜ and the diagonal
form for Φ (eq (2.9)), the F-term equation, eqs (2.7) and (2.8) become4
−1√
2
W ′(−mu)δba = (Qu)ia(Q˜u)bi , u = 1, ...., h (2.11)
W ′(λv) = 0, v = h + 1, ..., k. (2.12)
Furthermore, the D-terms in (2.5) decompose into D-terms for each u’th block:
0 = QuQ
†
u − Q˜†uQ˜u, u = 1, ..., h (2.13)
In this way, we obtain the reduced F (2.11) and D-term (2.13) conditions for each
u’th block. The solutions to these conditions are indexed by an integer ru with
ru ≤ min(Mu
2
, Nu). (2.14)
In particular, on the rth Higgs branch5,
Q =
[
Kr×r 0r×r 0r×(Mu−2r)
0(Nu−r)×r 0(Nu−r)×r 0(Nu−r)×(Mu−2r)
]
,
tQ˜ =
[
Pr×r K˜r×r 0r×(Mu−2r)
0(Nu−r)×r 0(Nu−r)×r 0(Nu−r)×(Mu−2r)
]
, (2.15)
where K is a diagonal r×r matrix with non-zero diagonal elements. IfW ′(−mu) 6= 0,
we must have r = Nu and P is a non-degenerate r × r matrix. Thus at a generic
point on this branch, the gauge group factor U(Nu) is completely broken. On the
other hand, if W ′(−mu) = 0, the solution has P = 0 and K˜ = K. Generically, on
this branch, the unbroken gauge group is U(Nu − r) with Mu − 2r massless flavors
and r(Mu − r) neutral hypermultiplets. It is useful to compute the gauge invariant
meson matrix M ji :
M ji = Q˜
a
iQ
j
a =

(PK)r×r (K˜
tK)r×r 0r×(Mu−2r)
0r×r 0r×r 0r×(Mu−2r)
0(Mu−2r)×r 0(Mu−2r)×r 0(Mu−2r)×(Mu−2r)
 . (2.16)
For the r’th branch, the meson has rank r. The global flavor symmetry is sponta-
neously broken down to SU(Mu)→ SU(Mu − 2r)× U(1)r.
Summary of the classical moduli space
We are now ready to discuss the complete picture of the classical moduli space.
Above, we have described how the adjoint vevs break the gauge group U(N) into a
product of U(Ni) factors, each with Mi massless flavors. Below, we summarize the
structure of the Coulomb and Higgs branches of each of these factors.
4Here, we abuse notation slightly. The indices i, a and b run over the colors and massless flavors
in a given block U(Nu). This is different from the role of these indices in (2.5) and (2.7), where
they represented color and flavor indices in the full U(N).
5We will drop the index u to simplify notation.
8
Coulomb branch: On the Coulomb branch, Q and Q˜ both vanish and the adjoint
Φ has diagonal entries λi, where each λi is a root of the polynomial W
′(z) (2.12).
The gauge group is broken to U(N) → ∏si=1 U(Ni). The Higgs branches (with Q
and Q˜ non-zero) touch the Coulomb branch at special points, called the roots of the
Higgs branch. These points will only exist if W ′(x) has a zero at x = −mi. This is
clear from eq (2.12): vanishing quark vevs necessarily imply that W ′(−mi) = 0.
Higgs branches: On the Higgs branch, the quarks generically have non-zero vevs.
On such branches, the diagonal entries for the adjoint are λi = −mi if Qi and Q˜i are
non-zero. W ′(−mi) does not have to vanish. However, if W ′(−mi) 6= 0, the gauge
theory is necessarily Higgsed, and the U(Ni) factor is completely broken. We will
not pursue this case further in this paper.
If W ′(−mi) = 0, there is a richer structure of Higgs branches, indexed by an
integer r. These r’th Higgs branch are shown in (2.15). At the root of the Higgs
branch, Q and Q˜ vanish and there are massless flavors charged under the group
U(Ni) at these points. In the next section, we will see how we can use the Seiberg-
Witten curve describing the Coulomb branch of the N = 2 theory (without the
superpotential W (Φ)) to study the dynamics at these roots. In order to explore
these roots, we will need to tune the parameters of the theory (the masses mi and
the parameters in the superpotential W (Φ)) to guarantee that −mi are roots of
W ′(z) ( W ′(z) can have some roots which are not equal to −mi).
In summary, classically, U(N) with Nf flavors is broken to k non-interacting
factors with U(Ni) gauge symmetry and Mi massless flavors. Each factor has a
Coulomb and various Higgs branches. In the r’th Higgs branch, the unbroken gauge
group is U(Ni−r) withMi−2r massless flavors and r(Mi−r) neutral hypermultiplets.
Below, we will see how this classical picture changes in the quantum theory
and then we will explain how strong coupling dynamics enables one to interpolate
smoothly between vacua of theories with different classical product gauge group and
matter contents.
3. The Quantum Theory
The above classical picture is modified significantly in the quantum theory. The low
energy dynamics on the Coulomb branch of the N = 2 quantum theory (without
W (Φ)) is described by the Seiberg-Witten curve. In such a theory, it was shown [10]
that the moduli space locally is a product of the Coulomb and Higgs branches (by
using powerful non-renormalization theorems due to N = 2 supersymmetry). The
metric on the Higgs branch does not receive any quantum corrections. However, the
location of the roots of the Higgs branch, i.e. the points where the Higgs branch
meets the Coulomb branch will be modified in the quantum theory. On the other
hand, if the theory has only N = 1 supersymmetry, the metric and even the topolog-
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ical structure of the Higgs branch is modified quantum mechanically. The familiar
example of such a phenomenon is SQCD [15, 16].
We can analyze the N = 1 quantum theory in two ways. The first approach is
to consider this theory as a small perturbation of a strongly coupled N = 2 gauge
theory with W = 0. We will call this the strong coupling analysis. The Seiberg-
Witten curve encodes the low energy quantum dynamics of the N = 2 theory on
the Coulomb branch. Turning on a tree-level superpotential lifts almost all points
on the Coulomb branch, except points in the Higgs branch roots where a certain
number of mutually local monopoles become massless. Furthermore, on this sub-
manifold of the Coulomb branch, the tree-level superpotential has to be minimized
to find the N = 1 vacua. By varying the parameters of the superpotential, these
N = 1 vacua can be moved around on the N = 2 moduli space. In particular,
special corners in the parameter space will place these vacua in regions where the
U(N) gauge symmetry breaking scale is much greater than Λ, the N = 2 dynamical
scale. Thus the gauge group is higgsed when the gauge coupling is small and the
description in terms of non-interacting product gauge group factors is valid. More
concretely, we can integrate out (in each gauge group factor) the massive adjoint
chiral field, Φ, which has a mass well above Λ. The corresponding N = 1 theory
thus obtained, valid below scales of order µ can be analyzed in various group factors
separately. In each factor, it will become strongly coupled in the infra-red and will
have vacua, details of which will depend on the number of flavors charged under
the group factor. The vacua of the product group theory (which are just products
of vacua of each factor) thus obtained have been relocated from the strong gauge
coupling region by variations of the parameters in the superpotential. We will call
discussions of this region of moduli space the weak coupling analysis.
In summary, the strong coupling analysis involves treating the superpotential
as a small perturbation around the N = 2 theory, with all the non-trivial dynamics
included in the SW curve. The weak coupling analysis involves integrating the adjoint
out, and studying the non-trivial dynamics of the resulting N = 1 theory. We can
interpolate smoothly between vacua in the weak and strong coupling regions by
holomorphic variation of the parameters in the superpotential W (Φ) because the
theory has N = 1 supersymemtry. Hence there is no phase transition in moving
between these points. What is perhaps most interesting is the fact that different weak
coupling regions with different microscopic physics can be reached smoothly from the
same strongly coupled point. Of course, this also provides a smooth interpolation
between vacua of the two different N = 1 theories obtained in the weakly coupled
region.
3.1 Weak gauge coupling analysis
The weak coupling analysis is valid when the differences between the roots of the
polynomial W ′(x) are much bigger than Λ. In this case, we can trust the classical
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description of the theory in terms of low energy group
∏
i U(Ni) with almost decou-
pled factors and adjoints Φi having a large mass of order µ≫ Λ. The adjoints Φi can
be integrated out from the low energy theory in each group factor separately. There-
fore, we will focus our attention on a single U(Ni) factor, with Mi flavors. In this
integrating out procedure, we will only consider the quadratic part of the effective
potential since the higher powers will be suppressed by µ. Hence our analysis below
of the structure of the quantum mechanical vacua will only receive small perturbative
corrections. The relevant part of the superpotential is then
W = µTr(Φ2) +
√
2Q˜aiΦ
b
aQ
i
b. (3.1)
Integrating Φ out yields
W = − 1
2µ
Tr(M2), M ji = Q˜
a
iQ
j
a, (3.2)
where we have defined the gauge invariant meson M ji . The effective low energy
superpotential will consist of this classical piece as well as non-perturbative effects
which will depend on Mi, the number of flavors charged under U(Ni) (for a review
see [11]). Quantum effects will become important at a scale Λ1 determined by the
matching relation Λ3Ni−Mi1 = µ
NiΛ2Ni−Mi. To find the vacua of the N = 1 theory,
we need to extremize this effective superpotential. This problem has been studied in
various papers [12, 13, 14]. Here, we will simply summarize the results.
U(1) with Mi ≥ 2 flavors:
We start with a simple example. Since the theory is IR free, we can use the tree-level
superpotential to determine the vacuum structure. After the adjoint is integrated
out, the superpotential is
W = − 1
2µ
(Q˜iQ
i)2. (3.3)
There are two different solutions to the F and D-flatness conditions:
1. Q = Q˜ = 0, which leaves U(1) unbroken (we will call this the r = 0 vacuum).
2. U(1) is Higgsed by nonzero VEVs of squarks. By flavor symmetry, we can set
Q = [K, 0, 0, ..., 0] and Q˜ = [0, K, 0, ..., 0]. The unbroken flavor symmetry is
SU(Mi − 2) × U(1). We will call this r = 1 vacuum since the squark VEVs
match the form of the r = 1 Higgs branch described in the previous section.
U(Ni) with Mi < Ni flavors:
For Mi < Ni, non-perturbative SU(Ni) dynamics generates an Affleck-Dine-Seiberg
(ADS) superpotential [17]. Hence the effective superpotential is
W = − 1
2µ
Tr(M2) + (Ni −Mi)Λ
3Ni−Mi
Ni−Mi
1 (det(M))
− 1
Ni−Mi , (3.4)
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where the second term is the ADS superpotential. The F-flatness condition yields
−1
µ
M − Λ
3Ni−Mi
Ni−Mi
1 (det(M))
− 1
Ni−MiM−1 = 0, (3.5)
or
M2 = −µ( Λ
Ni
det(M)
)
1
Ni−Mi . (3.6)
It was shown in [12] that although M cannot be brought to a diagonal form by a
U(Mi) transformation, it can be diagonalized in GL(Mi, C), and that (3.6) can be
solved by such a diagonal M with at most two different entries:
M = diag
(
α1, . . . α1, α2, α2 . . . α2
)
. (3.7)
r︸ ︷︷ ︸ Mi − r︸ ︷︷ ︸
The moduli space of vacua then consists of GL(Mi, C) orbits through the diagonal
solution. It is the space GL(Mi,C)
GL(r,C)×GL(Mi−r,C)
. Putting this ansatz into (3.6) shows that
α2 = −α1 with
α1 = (−)
Mi−r
2Ni−Mi µΛ. (3.8)
Here we can take r ≤ ⌊Mi/2⌋ since the case with r > ⌊Mi/2⌋ is related to r ≤
⌊Mi/2⌋ by permutation of the diagonal entries which is an element of GL(Mi, C).
For r < Mi/2, there are 2Ni−Mi vacua.6 We will show in Sec. 3.2 that this number
can also be understood from the underlying N = 2 theory. For r = Mi
2
, (3.8) shows
that the solutions come in pairs that are related by sign flips. Each pair is related
by a permutation of diagonal entries, which is an element of GL(Mi, C). Therefore,
there are only Ni− Mi2 vacua for r = Mi/2. In each of the vacua, the unbroken gauge
symmetry is U(Ni−Mi). At the special point along the GL(Mi, C) orbits where the
squark VEV looks like (3.8) the unbroken flavour symmetry is U(r)×U(Mi−r)
U(1)
but at
generic points in the orbit the unbroken flavor symmetry is SU(Mi − 2r) × U(1)r.
The gauge symmetry is broken down to U(Ni − Mi) with no light fields charged
under U(Ni−Mi). Therefore, the SU(Ni−Mi) part will confine leaving only a U(1)
factor in the IR.
U(Ni) with Mi = Ni flavors:
For Mi = Ni, the SU(Ni) factor confines and the low energy degrees of freedom are
the mesons M ji and baryons B and B˜. The IR theory is a non-linear σ-model with
M and B satisfying the constraint det(M) − BB˜ = Λ2Ni1 [15]. In addition, there is
a U(1) which survives at low energies and the baryons of SU(Ni) are charged under
6Strictly speaking we should say that there are 2Ni −Mi orbits of GL(Mi, C) which are all
vacua.
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it. The constraint between M and B can be implemented by introducing a Lagrange
multiplier X . The effective superpotential is:
W = − 1
2µ
Tr(M2) +X(det(M)− BB˜ − Λ2Ni1 ). (3.9)
The N = 1 vacua can be found by solving the F-term conditions derived from this
superpotential. Following [12], when B = B˜ = 0, the solutions are given in terms of
a diagonal meson matrix M as in (3.7) with
α1 = (−)
Mi−r
Mi µΛ, (3.10)
and α1 = −α2. Thus, for r < Mi/2 there are 2Ni − Mi = Mi vacua while for
r = Mi/2 there are Ni −Mi/2 vacua, following the reasoning given in the Mi < Ni
discussion above.7 The overall U(1) is not higgsed and therefore survives in the IR.
There is another vacuum where M = X = 0, |B| = |B˜| and BB˜ = −Λ2Ni . The
overall U(1) is Higgsed in this vacuum, which will turn out to be the weak coupling
limit of a branch appearing in the strong coupling analysis that we will later call the
“baryonic branch”.
U(Ni) with Mi ≥ Ni + 1 flavors :
For this case, the appropriate low energy degrees of freedom are the dual quarks and
mesons of the magnetic theory with gauge group U(N˜i) and N˜i = Mi − Ni. The
superpotential is (details can be found in [12, 13])
W = − 1
2µ
Tr(M2) +
1
λ
q˜Mq + (Ni −Mi)(Λ
3Ni−Mi
1
det(M)
)
1
Ni−Mi . (3.11)
Let us considerMi < 2Ni. It turns out that there are then two different cases that we
need to discuss separately. If the meson matrix is non-degenerate (i.e., has rankMi),
it is straightforward to show that the meson M is given as in (3.7) with α1 = −α2
as in (3.8). Thus, there are 2Ni −Mi such vacua. Effectively, the meson field M
gives masses to all dual quarks so that at low energies we get a U(N˜i) gauge theory.
The SU(N˜i) factor confines, leaving a decoupled U(1) in the IR. On the other hand,
if the meson matrix M is degenerate (for details, see [13]), there are various vacua
labeled by an index l = 0, 1, .., N˜i.
8 (In effect, these are the r’th Higgs branches,
which we defined in Sec. 2, appearing now for the dual quarks.) In the l’th branch,
the dual quarks Higgs the gauge group down: U(N˜i) → U(N˜i − l). The meson M
gives masses to the remaining quarks, leaving no light matter fields charged under
7Again, we should really be talking about orbits of GL(Mi, C) rather than discrete vacua.
8In [13], l runs from 0 to N˜i− 1 since they are working with SU(N) rather than U(N) theories.
Also as emphasized in [13], the counting of vacua that we are using is appropriate when we approach
the massless limit for massive flavors. This is indeed what we are doing in this paper.
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U(N˜i − l). As a result, the SU(N˜i − l) factor will confine leaving U(1) in the IR.
Thus, for each r < N˜i there are N˜i − l vacua. There is one more case, with r = N˜i,
for which there is a single vacuum with no surviving gauge group at low energies.
As we will see, this vacuum arises as the weak coupling limit of a “baryonic branch”
in the strongly coupled region.
3.1.1 Counting of vacua
Using the above analysis, we can count the total number of vacua in a theory in
the various r’th branches. Let us summarize the results. For Mi ≤ Ni, there are
(2Ni −Mi) vacua for each r’th branch. For Mi ≥ Ni + 1, if r ≥ Mi − Ni there are
(2Ni −Mi) vacua. However, when r < Mi − Ni, there are (Mi −Ni − r) additional
vacua, leading to a total of (2Ni−Mi) + (Mi−Ni− r) = Ni− r vacua. In addition,
we need to discuss three special cases separately. The first two are baryonic branches
at r = Ni or r = Mi −Ni and the third is the r = Ni − 1 non-baryonic branch. All
of these three cases have one vacuum.
In summary,
# of vacua =

1, r = Ni − 1,
1, r =Mi −Ni, Ni (baryonic),
2Ni −Mi, r ≥Mi −Ni,
Ni − r, r < Mi −Ni.
(3.12)
In this subsection, we have enumerated the quantum mechanical vacuum struc-
ture of N = 1 U(Ni) gauge theories with some massless flavors. A variety of different
phenomena including confinement, Higgsing, the generation of non-perturbative su-
perpotentials etc. contributed to the details of the analysis. Below we will see that
the vacua that we have enumerated, their symmetries and general properties match
the structure of various vacua in the strongly coupled theory. This will raise the pos-
sibility of interpolating smoothly between the weakly and strongly coupled regions.
3.2 Strong coupling analysis
In Section 2, we discussed the various r’th Higgs branches and their roots, which are
the points where the r’th Higgs branch meets the Coulomb branch. Our discussion
mostly focused on a single factor U(Ni) of the gauge group
∏k
i=1 U(Ni). In the
following, we will continue to mostly focus on one of the gauge group factors. We
need to find points on the N = 2 moduli space which are not lifted by the N = 1
deformation. As we will see in detail below, these are special points on the roots
of the r’th Higgs branches where a certain number of magnetic monopoles become
massless. We summarize these points in Table 1, including the unbroken low energy
gauge group at the root of the Higgs branch in the N = 2 theory, the number of
massless monopoles which will acquire VEVs because of the N = 1 deformation, the
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number of unbroken U(1)’s left after the N = 1 deformation, and the form of the
SW curve at these special points. The table will be explained in greater detail in the
subsections below.
Generic r r = Nf −N r = N
N = 2 gauge group
at the root SU(r)× U(1)N−r × U(1)B SU(r)× U(1)
N−r × U(1)B SU(N)× U(1)0
Condensed monopoles N − r − 1 N − r 0
Unbroken U(1) after
N = 1 deformation 1 0 0
SW curve
y2 = (x+m)2rH2
N−r−1
(x)F2(x) (x+m)2rH2N−r(x) f(q)(x +m)
2N
Table 1: Structure of the roots of Higgs branches in a U(N) theory with Nf flavors. In
all cases r ≤ N and r ≤ Nf/2. The generic r’th branch in the first column exists for all Nf
and N . At special points on the roots of these branches at most N − r− 1 monopoles can
become massless. When Nf ≥ N the additional branches indicated in the second and third
columns are also possible. At special points on the roots of these “baryonic branches” an
extra monopole will become massless leading to a total of N − r massless monopoles. We
will refer to branches with N − r − 1 condensed monopoles as “non-baryonic” branches.
3.2.1 Which points are not lifted by the N = 1 deformation
Consider a U(Ni) theory with Mi flavors. We will first discuss the generic r’th
branch in the first column of Table 1 and then proceed to the special cases in the
other two columns. Classically, at a generic point on the r’th Higgs branch, the
gauge symmetry is U(Ni − r), while at the root, it is enhanced to U(Ni). Quantum
mechanically, in the N = 2 theory (with W (Φ) = 0), the enhanced gauge symmetry
at the root of the r’th Higgs branch is SU(r)×U(1)Ni−r×U(1)B . There are massless
flavors charged under the group SU(r) and one of the U(1)’s. In addition, at special
points on the root, there are Ni− r− 1 monopoles which become massless. At these
points, the theory has a spectrum[10]:
SU(r) × U(1)0 × U(1)1 × · · · × U(1)Ni−r−1 × U(1)B
Mi × q r 1 0 · · · 0 0
e1 1 0 1 · · · 0 0
...
...
...
...
. . .
...
...
eNi−r−1 1 0 0 · · · 1 0
(3.13)
Here q are the massless quarks and the ei are the massless monopoles and we have
indicated the charges carried by these fields under the various product gauge group
factors.
We will now see that the points which are not lifted by an N = 1 deformation
are precisely those in the root of the r’th Higgs branch, where Ni− r− 1 monopoles
become massless. (There are 2Ni −Mi such points with massless monopoles which
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are related to each other by the Z2Ni−Mi R-symmetry of the N = 2 theory. This
can be seen by examining the N = 2 Seiberg-Witten curve [10].) We could consider
general superpotentials of order k: W (Φ) =
∑k
i=1
gi
k
Tr(Φk). However, here we are
really interested in analyzing the dynamics in one of the gauge group factors in a
U(N) theory that is broken to a product of U(Ni) factors in the weak coupling region.
We will see later that for this goal it will always suffice to just consider a quadratic
superpotential of the form W (Φ) = µTrΦ2. Then, around points where Ni − r − 1
monopoles are becoming light, the low energy effective action is [10]:
W =
√
2Tr(qφq˜) +
√
2ψ0 Tr(qq˜) +
√
2
Ni−r−1∑
k=1
ψkeke˜k (3.14)
+µ(Λ
Ni−r−1∑
i=0
xiψi +
1
2
Trφ2 +
1
2
ψ2B),
where φ is the adjoint of SU(r) and ψk is the adjoint of other U(1) factors. The terms
on the second line arise from the mass deformation µTr(Φ2) written in terms of the
low energy fields with constants xi ∼ 1. There is no light field charged under U(1)B,
which will remain decoupled in the IR. Notice that ψk, k = 1, ...., Ni−r−1 and U(1)B
do not interact with the SU(r) × U(1)0 factor. Thus the conditions for F-flatness
can be separately solved for these two parts. For ek, e˜k, ψk, k = 1, .., Ni − r − 1 and
ψB , the F-term equations are
0 = ψkek = ψke˜k =
√
2eke˜k + µΛxk = ψB. (3.15)
With µ 6= 0, the solution has ψk = 0 and |ek| = |e˜k| with
√
2eke˜k = −µΛxk. This
implies that U(1)Ni−r−1 is completely Higgsed down in the IR. The U(1)B is left
unbroken.
For the SU(r)× U(1)0 factor, the D-term equations are:
[φ, φ†] = 0 = qia(q
†)bi − (q˜†)iaq˜bi , (3.16)
and the F-terms yield
0 = (φab + ψ0δ
a
b )q
i
a = q˜
b
i (φ
a
b + ψ0δ
a
b ), (3.17)
0 =
√
2qiaq˜
a
i + µΛx0, (3.18)
0 =
√
2qiaq˜
b
i −
√
2
r
δba(q
i
cq˜
c
i ) + µφ
b
a. (3.19)
By a redefinition φ˜ab = φ
a
b + ψ0δ
a
b , we can reduce these equations to the analysis in
[10].9 This gives:
ψ0 =
Λx0(l − r)
lr
, φ =
[−ψ0Il 0
0 −Λx0
r
Ir−l
]
, (3.20)
q =
[
Kl×l 0l×l 0l×(Mi−2l)
0(r−l)×l 0(r−l)×l 0(r−l)×(Mi−2l)
]
, tq˜ =
[
K˜l×l λl×l 0l×(Mi−2l)
0(r−l)×l 0(r−l)×l 0(r−l)×(Mi−2l)
]
.
9We can simply set ν = 0, ρ 6= 0 and r ≤ 2Mi case in equations (2.9), (2.16) and (6.5) of [10].
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If l < r, the gauge group is Higgsed down to SU(r− l)×U(1), with no charged light
fields. The SU(r − l) factor then confines, leaving the U(1) factor at low energies.
This, and the decoupled U(1)B mentioned above, give two U(1)s at low energies. For
the l = r case, the SU(r)×U(1)0 group is completely Higgsed leading to just a single
U(1)B in the IR. In fact, it is argued in [13] that the solutions with l < r, lie beyond
the validity of the low energy effective action since they suffer fluctuations ψ0 ∼ Λ
much larger than µ. So they cannot be trusted and only the l = r case should be
considered.10 The unbroken global flavor symmetry is SU(Mi − 2r)× U(1)r.
The case of r =Mi −Ni: When the number of flavors Mi exceeds the number of
colours Ni, an SU(Ni) admits so-called baryonic Higgs branches where the baryons
have VEVs. In a U(N) theory, there are no gauge-invariant baryons. Nevertheless
the analogue of the baryonic SU(N) branches exists in this case also. Consider and
r’th Higgs branch with r =Mi−Ni. At the root of this branch there are points where
Ni− r− 1 monopoles become massless. However, there is an additional point at the
root of this Higgs branch, where Ni − r monopoles become massless. (This can be
shown by analysis of the Seiberg-Witten curve in this case, as we will explain further
below, and have summarized in Table 1.) This additional point is invariant under the
Z2Ni−Mi R-symmetry group and the surviving gauge symmetry is U(r) × U(1)Ni−r
with r = Mi −Ni. The spectrum of massless particles is:
SU(r) × U(1)1 × U(1)2 × · · · × U(1)Ni−r × U(1)B
Mi × q r 1/r 1/r · · · 1/r −Ni/r
e1 1 −1 0 · · · 0 0
...
...
...
...
. . .
...
...
eNi−r 1 0 0 · · · −1 0
(3.21)
where qi are the quarks and ei are the magnetic monopoles. The low energy effective
superpotential for these particles is governed by N = 2 supersymmetry, which is
broken by addition of the mass term µTrΦ2:
W =
√
2Tr(qφq˜) +
√
2
r
Tr(qq˜)(
Ni−r∑
k=1
ψk)−
√
2Ni
r
tr(qq˜)ψB (3.22)
−
√
2
Ni−r∑
k=1
ψkeke˜k + µ(Λ
Ni−r∑
i=1
xiψi +
1
2
trφ2 +
1
2
ψ2B).
In this case, the gauge field U(1)B is not decoupled. Furthermore, ψk is not decoupled
from q, q˜. The F-term of ψ, e, e˜ and ψB yields
0 = ψkek = ψke˜k =
√
2
r
Tr(qq˜)−
√
2eke˜k + µΛxk = −
√
2Ni
r
Tr(qq˜) + µψB. (3.23)
10The authors of [13] argue that the l < r vacua should not exist on the basis of comparing the
number of different vacua expected in the weak coupling region as compared to the strong coupling
discussion here.
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If µ 6= 0, we need to consider two cases separately:
1. ψB
Ni
+ Λxk 6= 0, ∀k . This implies that
ψk = 0, ek, e˜k 6= 0 for k = 1, ..., Ni− r and Tr(qq˜) = µψBr√
2Ni
. (3.24)
i.e. U(1)Ni−r is higgsed. The remaining equations for q, q˜, φ are:
0 = [φ, φ†] = qia(q
†)bi − (q˜†)iaq˜bi , (3.25)
0 =
√
2qiaq˜
b
i −
√
2
r
δba(q
i
cq˜
c
i ) + µφ
b
a, (3.26)
0 = (φab −
Ni
r
ψBδ
a
b )q
i
a = q˜
b
i (φ
a
b −
Ni
r
ψBδ
a
b ), (3.27)
0 =
√
2Tr(qq˜)− µψBr
Ni
. (3.28)
These equations are exactly the same equations for general r-th branch (3.16,
3.19) with −NiψB → ψ0 and −ψBrNi → x0. Hence the general solution is given
by (3.20). In the general r-th branch, the authors of [13] argued that the
solutions in (3.20) with l < r cannot be trusted and do not exist quantum
mechanically. In the present case, however, all the solutions in (3.20) with
both l < r and l = r are valid [13] because all ψk, ψB ∼ 0 and therefore are
far from the dynamical scale of the theory. Following the discussion below
(3.20), the l < r vacua have a SU(r − l) × U(1) at low energies and the SU
factor confines leaving r−l discrete vacua. These vacua are the strong coupling
limit of the situations with degenerate meson fields M in the weak coupling
analysis in Sec. 3.1 of the cases with more flavors than colors where we found
N˜i − l = Mi −Ni − l vacua. For l < r although the U(1)Ni−r facotr is higgsed,
there is one decoupled U(1) ⊂ U(r) left while for l = r, there is no U(1) left
and the whole theory is higgsed.
2. ψB
Ni
+ Λxk0 = 0 for a particular k0 (because in general all xk are different).
Then, we can have ek0 = e˜k0 = 0 with nonzero ψk0 . Thus, one of the monopoles
does not condense in this case and only Ni − r − 1 of the U(1) factors will be
Higgsed down. The remaining equations for q, q˜, φ in this case will be similar to
the generic r’th branch with the role of ψB replaced by ψk0 . Since only Ni−r−1
monopoles are condensed this is in fact one of the generic r’th branches that
we discussed earlier in this section. There are Ni − r ways to choose k0 which
leads to Ni − r = 2Ni −Mi. This matches the weak coupling counting. So
following the discussion in [13] we once again only keep the l = r solutions in
(3.20) .
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The case of r = Ni: This case also needs a separate discussion. This is relevant
when Mi ≥ 2Ni. In such a situation, there is an r = Ni branch, whose root is
not lifted by the N = 1 deformation. Since Ni − r = 0, no monopoles need to
condense to give an N = 1 vacuum. That the root of this branch (without any
monopole condensation) is not lifted can be shown along the same lines as the above
r = Mi − Ni discussion. At a generic point on this branch, the gauge group is
completely broken. At the root of this branch, the gauge group is also completely
Higgsed down after the N = 1 deformation. So on this branch, as in the “baryonic”
r = Mi − Ni case, there is no surviving gauge group at low energies. This is in
contrast to the generic r’th branches, (r 6= Mi−Ni and r 6= Ni) where a U(1) gauge
group survived at low energies after the N = 1 deformation.
3.2.2 SW curve factorization and roots of the r’th Higgs branches
As discussed above, the subspace of the N = 2 moduli space not lifted by the N = 1
deformation consists of special points at the roots of the r’th Higgs branches where
a certain number of mutually local magnetic monopoles are becoming massless. We
determine these points by treating the superpotential as a small perturbation around
the N = 2 theory and using the Seiberg-Witten curve for an N = 2 U(N) gauge
theory with Mi hypermultiplets, with mass mi [18, 19, 20].
y2 = PNi(x)
2−4Λ2Ni−Mi(x+mi)Mi =
Ni∏
a=1
(x−φa)2−4Λ2Ni−Mi(x+mi)Mi, Mi ≤ 2Ni−2.
(3.29)
Therefore, at the root of the r’th Higgs branch, we can write the adjoint scalar as:
Φ = (−mi,−mi,−mi, ..., φ1, ..., φNi−r) . (3.30)
Then, for such points, curve (3.29) factorizes as
y2 = (x+mi)
2r
(
P 2Ni−r(x)− 4Λ2Ni−Mi(x+mi)Mi−2r
)
(3.31)
Furthermore, we need to find the points at the roots of these Higgs branches where
Ni − r − 1 monopoles are massless as in (3.13). For this, we need the second factor
in the above curve to factorize as
P 2Ni−r(x)− 4Λ2Ni−Mi(x+mi)Mi−2r = HNi−r−1(x)2F2(x). (3.32)
Above we discussed additional “baryonic” branches in which Ni − r monopoles can
become massless. At such points the Seiberg-Witten curve factorizes as:
P 2Ni−r(x)− 4Λ2Ni−Mi(x+mi)Mi−2r = HNi−r(x)2. (3.33)
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Multiple factors and the underlying U(N) picture So far, in this section, we
have considered one of the factors of the group U(Ni) with a quadratic superpotential
for the adjoint field Φi charged under that group. We are now ready to discuss the
general picture. Classically U(N) with Nf flavors is broken to
∏k
u=1 U(Nu) with
Mu (which could be zero) massless flavors charged under each factor. This breaking
occurs via the Higgs mechanism when the adjoint Φ acquires a diagonal vev with
diagonal entries being roots ai of the k-th order polynomialW
′(x). This picture only
makes sense quantum mechanically if the difference between the various ai is much
bigger than Λ, the dynamical scale of the underlying N = 2 U(N) theory. Let us
assume that we are at such a point. Then, the SW curve for the U(N) theory should
approximately factorize as
y2 = P 2N(x)− 4Λ2N−Nf
k∏
i=1
(x+mi)
Mi ∼
k∏
i=1
(
P 2Ni(x)− 4Λ2Ni−Mii (x+mi)Mi
)
(3.34)
where Λi are the dynamical scales of each factor U(Ni). The analysis above applies
to each of these factors. For each factor, the quadratic term in the superpotential
will be the only relevant term since higher order pieces will be suppressed by a large
scale. After the N = 1 deformation, the unlifted points on the N = 2 moduli
space are special locations on the ri-th Higgs branch root for each U(Ni) factor such
that a total of N −∑i ri − k monopoles become massless. (More monopoles could
become massless, but in that case, either some of the Higgs branches in question
are “baryonic” or the classical limit has fewer U(Ni) factors.) We can now vary the
parameters in the superpotential holomorphically, and move to the region of strong
coupling where the description in terms of product gauge groups does not make any
sense. However, we will still require the curve to have overall factor
∏k
j=1(x+mj)
2rj
as well as have N −∑i ri − k double roots; i.e.
y2 =
k∏
j=1
(x+mj)
2rj
(
P
N−
∑k
j=1
rj
(x)2 − 4Λ2N−M
k∏
j=1
(x+mj)
Mj−2rj
)
(3.35)
=
k∏
j=1
(x+mj)
2rjF2k(x)HN−k−
∑k
u=1
ru
(x)2 (3.36)
This is the generic picture in the r’th Higgs branch. There are special cases mentioned
above, for example ri = Mi−Ni where there is a branch on which Ni− ri monopoles
condense, after the N = 1 deformation. At the N = 2 level of the SW-curve, these
cases will require an extra double root. A similar story holds for the ri = Ni branch
for cases where Mi ≥ 2Ni. There exists a branch, for this special case also, in which
Ni− ri monopoles become massless, instead of the genric number Ni− ri− 1. As we
will see in the examples below, these different branches will play an important role
in understanding the interpolations between vacua of the N = 1 theories obtained
in the various classical limits.
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3.2.3 W(Φ) and N = 1 vacua
Thus far in our discussion of factorization of the SW curve, the superpotential W (Φ)
has not played any role. To find the N = 1 vacua, we need to extremize the superpo-
tential on the subspace of the moduli space which leads to the factorized form of the
SW curve described above (3.36). This extremization procedure will yield isolated
vacua. At this juncture, we can ask two questions: (i) Given a superpotential, which
points on the N = 2 moduli space are N = 1 vacua; (ii) Given a point in the N = 2
moduli space, what superpotential will have that point as its extremum. As we will
see later, both these questions will play an important role in later analysis.
Extremization For the extremization of the superpotential, the condition (3.36)
can be incorporated via Lagrange multipliers. Using this method, it was shown in
[9] (for the case without flavors) that the extremization problem has a very simple
solution in terms of the factorized form of the Seiberg-Witten curve,
y2 = PN(x)
2 − 4Λ2N = HN−n(x)2F2n(x), (3.37)
where n is the number of U(Ni) factors and N is the overall gauge group rank. The
degree k ofW ′(x) must be greater than or equal to n, and we always look at the case
k = n. (The generalization to n < k is straightforward [9, 1].) For n = k [9] find
g2n+1F2n(x) =W
′(x)2 + fn−1(x), (3.38)
i.e. the first n+1 coefficients of F2n(x) are determined byW
′(x). The generalization
of this to the theory with flavors is discussed in [21]. For completeness, we review
the procedure and point out a few subtleties.
The Seiberg-Witten curve with flavors factorizes as follows at points in the mod-
uli space where there are l mutually local massless monopoles:
y2 = PN(x)
2 − 4Λ2N−NfA(x) = Hl(x)2F2N−2l(x), A(x) =
Nf∏
j=1
(x+mj), (3.39)
where Hl(x) =
∏l
i=1(x − pi), where pi are double roots of the polynomial PN(x)2 −
4Λ2N−NfA(x). To extremize the superpotential on the subspace with l massless
monopoles, we use the superpotential 11
Wlow =
k+1∑
p=1
gpup+
l∑
i=1
{
Li(P (pi)−2ǫiΛN−
Nf
2
√
A(pi))+Qi
∂(P (pi)− 2ǫiΛN−
Nf
2
√
A(pi))
∂pi
}
(3.40)
11When writing these equations we have assumed that that PN (x)±2ΛN−
Nf
2
√
A(pi) do not have
common factors. This is actually only true for the r = 0 branch. However, as we have discussed, for
a general r’th branch the SW curve factorizes as y2 = (x+m)2r y˜2. Then the extremization needs
to be done for the factor y˜2 and the resulting algebra is the same as for the r = 0 case. We have
also specialized to the case of an even number of flavors, but the generalization to an odd number
of flavors is straightforward and gives similar results.
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where Li and Qi are the Lagrange multipliers imposing the constraints which restrict
us on the relevant subspace and pi are the double roots. The variation with respect
to pi yields
Qi
∂2P (pi)
∂p2i
|x=pi = 0. (3.41)
For a generic superpotential, we can assume there are no triple roots (∂
2P (pi)
∂p2
i
|x=pi 6= 0)
which implies Qi = 0. Following the arguments in [9], variation with respect to ur
leads to
gr =
l∑
i=1
N∑
j=0
Lip
N−j
i sj−r. (3.42)
Using this expression, we can express W ′(x) as (see [9] for more details)
W ′ = Bl−1(x)
PN (x)
Hl(x)
− x−1C +O(x−2), (3.43)
where C is a constant and Bl−1(x) is an order (l − 1) polynomial. Comparing the
leading power of x on the two sides of the above equation, we conclude that when
l = (N − n) the function Bl−1 is in fact a constant and
F2n(x) +
4Λ2N−Nf
∏Nf
j=1(x+mj)∏N−n
j=1 (x+ pj)
2
=
1
g2n+1
(
W ′(x)2 +O(xn−1)
)
. (3.44)
The second term on the LHS of the above equation will contribute12 to W ′(x) when
Nf − 2(N − n) ≥ n or n ≥ 2N −Nf . 13
The derivation we have sketched above fails in special cases. For example, there
are special branches on which we require an extra massless monopole. In such cases,
12This point was overlooked in [21] and will be important in the examples discussed in later
section.
13Geometrically, F2n(x) defines the curve which describes the quantum behaviour of the low
energy U(1)n. In a geometric engineering picture of the gauge theories we study, flavors arise
from D5-branes wrapping non-compact 2-cycles in a local Calabi-Yau 3-fold. In addition there are
D5-brans wrapped on compact S2s giving rise to gauge fields. One can blow down the S2 and
blow up to an S3 and the D5-branes on the compact cycles are replaced by fluxes. After this
transition the superpotential of the geometrically engineered gauge theory can be computed. Since
the non-compact 2-cycles are left alone in this transition it would apepar that the quantum curve
y2 = F2n(x) ∼ W ′(x)2 + fn−1(x) should not modified by the presence of flavors. But the above
careful analysis (3.44) tells us that this is not generally true. We will have
F2n(x) =W
′(x) + fK(x), K = max(n− 1, 2n+Nf − 2N) (3.45)
and especially
∂Wlow
∂ log(Λ2Nc−Nf )
6= −bn−1
gn+1
(3.46)
where bn−1 is the coefficient of x
n−1 in the polynomial fK(x). This seems to make the geometric
proof of Large N duality [22, 21, 23] subtle in the presence of flavors. We will come back to this
point in Sec.4.2.
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the degree of the function F (x) is actually (2n − 2) instead of 2n, and we need to
generalize the above analysis along the lines of [1, 7].
3.2.4 Different branches with (perhaps) multiple classical limits
Henceforth, for concreteness, we will focus on the case where, in the classical limit,
the gauge group U(N) breaks into two factors U(N1)×U(N2). To study this we will
consider a cubic superpotential. For simplicity, we choose all Nf flavors to have the
same mass mi = m. In addition we will choose Nf = 2l to be even for convenience.
At the root of the r-th Higgs branch of the N = 2 theory, the SW curve factorizes
(as discussed in (3.2.2)) as
y2 = (x+m)2r(PN−r(x)
2 − 4Λ2N−Nf (x+m)Nf−2r). (3.47)
Furthermore, the subspace not lifted by the N = 1 deformation are the points where
a total ofN−r−2 monopoles are becoming massless. (There are also some “baryonic”
branches where additional monopoles condense and the analysis needs to be suitably
modified in those cases.) Thus we require N − r − 2 double roots of the polynomial
PN−r(x)
2 − 4Λ2N−2l(x+m)2l−2r = H+(x)H−(x) = HN−r−2(x)2F4(x), (3.48)
where H±(x) = PN−r(x)± 2ΛN−l(x+m)l−r. Suppose PN−r(−m) 6= 0. Then, H+(x)
and H−(x) do not have coincident roots. Therefore, we require s+ (s−) double roots
of H+(x) (H−(x)), with s++s− = N−r−2. Thus the different branches are labeled
by three integers (r, s+, s−).
On such a factorization locus of the SW curve, the N = 1 superpotential has
to be extremized, as explained above. After the extremization, which yields isolated
N = 1 vacua, we can take various possible classical limits (Λ → 0, possibly along
with other limits of parameters) to transport this N = 1 vacua to the weak coupling
region, so that we can interpret these as vacua of a U(N1) × U(N2) theory with
flavors charged under the group factors. As we will see later, some branches of the
strongly coupled theory will have multiple smooth classical limits. This will lead to
smooth interpolations between vacua of different microscopic theories with the same
macroscopic physics, by which we mean that the low-energy gauge group and global
symmetries must be the same.
In the next section we will develop some general relationships between the vacua
of different U(N) theories.
4. Addition and Multiplication maps
In [1, 9], a construction (called the multiplication map) was given which related
vacua of a U(N) theory with a given superpotential to vacua of a U(tN) theory
with the same superpotential. Hence classical limits of the U(N) theory with gauge
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group
∏
i U(Ni) are mapped to classical limits of the U(tN) theory with gauge group∏
i U(tNi). This is a powerful observation because in the absence of flavors all con-
fining vacua of higher gauge groups can be analyzed by using the multiplication map
to relate to the Coulomb vacua of a lower rank gauge theory. Below we show that
we can find a similar map in the theory with flavors. What is more, when flavors are
present there is an another map, which we will call the addition map, which relates
certain vacua of a U(N) theory with Nf flavors and U(N + 1) theory with Nf + 2
flavors. This will also enable us to reduce many analyses to simpler cases.
4.1 Addition map
Consider two theories, U(N) with Nf flavors in the r-th branch and U(N
′) with N ′f
flavors in the r′-th branch. On these branches the SW curve is
y21 = (x+m)
2r
{
PN−r(x)
2 − 4Λ2N−Nf (x+m)Nf−2r
}
, (4.1)
y22 = (x+m)
2r′
{
PN ′−r′(x)
2 − 4Λ2N ′−N ′f (x+m)N ′f−2r′
}
. (4.2)
If
N − r = N ′ − r′, 2N −Nf = 2N ′ −N ′f , Nf − 2r = N ′f − 2r′, (4.3)
the polynomials inside the braces in these two equations are the same. Let PN−r(x) =
PN ′−r′(x) = det(x−φ˜). Then, on the r-th branch of the U(N) theory with Nf flavors,
the gauge invariant operators uk =
1
k
TrΦk will be given by uk =
1
k
r(−m)k+u˜k where
u˜k = Tr φ˜
k. Similar expressions hold for U(N ′) theory with N ′f flavors in the r
′ th
branch. Since the u′ks differ from u˜ks by a shift by a constant, the extremization of
the superpotential will yield the same solution for the expressions within the braces.
In other words, the solutions for uk and u˜k are the same. This shows that certain
vacua of U(N) with Nf flavors in the r branch can be related to those of U(N
′) with
N ′f flavors in the r
′ branch.
For example, if on the r-th branch, the U(N) theory with Nf flavors has a
classical limit U(N1)×U(N2) with Nf flavors charged under the U(N1) factor, then
a U(N + d) theory with Nf +2d flavors will have a classical limit U(N1+ d)×U(N2)
with Nf +2d flavors charged under U(N1+d) on the r+d branch. We can also start
with a U(N) theory with no flavors. If this theory has a classical limit with gauge
group U(N1)×U(N2), via the addition map, we can conclude that a U(N+d) theory
with 2d flavors can have a classical limit U(N1 + d) × U(N2) with 2d flavors under
U(N1 + d). It can also have a classical limit U(N1)×U(N2 + d) with 2d flavors now
charged under U(N2 + d).
The addition map can be used to reduce the study of most (but not all) r-th
branches of U(N) with Nf flavors to the r = 0 branch of U(N − r) with (Nf − 2r)
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flavors. An example of a vacuum where this cannot be done appears in a U(3) gauge
theory with two flavors which is related by the addition map to a U(2) theory with no
flavors. The U(3) has a classical limit in which U(3) reduces to U(1)×U(2) with two
flavors charged under the U(1). However the U(2) theory with no flavors only has a
U(1)× U(1) vacuum. Applying the addition map to this will lead to a U(2)× U(1)
with two flavors under the U(2). Thus we cannot recover the U(3) vacuum with
flavors charged under U(1) from the addition map. It is straightforward to show
that such special cases can be reduced via the addition map to study of an r = 1
branch of a U(1) factor with some flavors.
The quantities (2N−Nf ) and N−r are invariant under the addition map. These
are exactly the number of vacua in (3.12). This shows that the counting of vacua in
Sec. 3.1 is consistent with the addition map.14
4.2 Multiplication map
We now discuss how to relate vacua of a U(N) theory on the r = 0 branch to vacua
of a U(tN) theory also on the r = 0 branch. Our discussion is a simple generalization
of the argument in [9] and also be extended to r > 0 branches by using the addition
map.
The Seiberg-Witten curve for a U(N) theory with Nf flavors of bare mass m = 0
(we set m = 0 for simplicity) on the r = 0 branch is:
y2 = PN(x)
2 − 4Λ2N−NfxNf . (4.4)
We assume that PN (0) 6= 0. Also, we will restrict ourselves to an even number of
flavors, i.e. Nf = 2l (l ≤ N for the N = 2 theory not to be IR free). If we are
restricted to the subspace of the moduli space where N − n magnetic monopoles
become massless, the curve factorizes as follows:
PN(x)
2 − 4Λ2(N−l)0 x2l = HN−n(x)2F2n(x). (4.5)
Given such a factorization, we can factorize the SW curve for a U(tN) with 2tl flavors.
In this construction, Chebyshev polynomials play a crucial role. These polynomials,
of the first and second kind of degree t and t− 1 respectively are defined as:
Tt(x) = cos(tx), Ut−1(x) = 1
t
∂Tt(x)
dx
, Tt(x)2 − 1 = (x2 − 1)Ut−1(x)2. (4.6)
Our construction will closely follow [1, 7] (where the case without flavors was dis-
cussed), so we will give a rather brief discussion here, emphasizing the new issues
14We expect this for the following reason. If we considered a quadratic superpotential, these
quantities count the number of vacua we expect in the weak coupling region (3.12), and hence also
the total number of N = 1 vacua obtained in the strong coupling region. But the number of strong
coupling vacua should be invariant under the addition map.
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which arise when we include flavors. We start by defining [1, 7]
x˜ =
PN(x)
2ηΛ(N−l)xl
. (4.7)
Then, we can show that if the curve for U(N) factorizes as in (4.5), the curve for
U(tN) will factorize as
PtN(x)
2 − 4Λ2t(N−l)x2lt = H ′tN−n(x)2F2n(x), (4.8)
if we take
PtN (x) = 2(ηΛ
(N−l)xl)tTt(x˜), (4.9)
with η2t = 1. To show this, notice that
PtN (x)
2 − 4Λ2t(N−l)x2tl = 4Λ2t(N−l)x2tl[Tt(x˜)2 − 1],
= 4η2tΛ2t(N−l)x2tl(x˜2 − 1)Ut−1(x˜)2,
= [(ηΛ(N−l)xl)t−1Ut−1(x˜)]2[PN (x)2 − 4η2Λ2(N−l)x2l],
= [(ηΛ(N−l)xl)t−1Ut−1(x˜)HN−n(x)]2F2n(x),
where we identify Λ
2(N−l)
0 = η
2Λ2(N−l). Notice that in the definition of x˜, there is an
xl in the denominator. Hence Ut−1(x˜) is not really polynomial in x. However, after
multiplying it with xl(t−1), we obtain a polynomial.
By comparing (4.5) with (4.8), we see that the factor F2n(x) is the same in
the two factorizations. Since F2n was related to the superpotential W
′(x) after the
minimization on the subspace where N − n monopoles are massless, we can relate
the N = 1 vacua of the U(N) theory with the N = 1 vacua of the U(tN) theory. It
was shown in (3.44), that the relationship of W ′(x) to F2n(x) is modified in certain
cases when flavors are added to the theory . Specifically, it was shown that the
flavors modify the relationship if n ≥ 2(N − l) for a U(N) theory with 2l flavors.
For a U(tN) theory with 2tl flavors, this condition becomes n ≥ 2t(N − l). Since
we are considering l ≤ N , the relationship of W ′(x) to F2n(x) maybe be different
for U(N) and U(tN) theories. In fact, when l < N (i.e. the underlying N = 2
is asymptotically free), we can always take t large enough so that flavors do not
modify the relation between W ′(x) and F2n(x), i.e. the relation is universal for t
large enough. This is exactly the behavior predicted by geometric transitions and
large-N dualities: the non-compact D5 branes should not affect the transition from
S2 to S3. For the case without flavors, this universal behaviour does not require
taking the large N limit. However, when we include flavors, we somehow have to
consider a large N limit to recover this universal behavior predicted by geometry[9].
The recent activity in study of N = 1 gauge theories has partly arisen from the
connection with Matrix models [4, 5, 6, 24]. WIthin this connection an important
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quantity is the density function of the quantum mechanical eigenvalues of the adjoint
scalar Φ. This is given by [1, 25]
T (x) =
∂
∂x
log(PN(x) +
√
PN(x)2 − 4Λ2(N−l)x2l) (4.10)
and is related to the resolvent 〈Tr( 1
x−Φ
)〉 in the matrix model computations of the
field theory superpotential. It is easy to show that
T (x) =
P ′N(x)√
PN(x)2 − 4Λ2(N−l)x2l
− l
x
PN(x)√
PN(x)2 − 4Λ2(N−l)x2l
+
l
x
(4.11)
For the U(tN) theory, we obtain
P ′tN(x) =
P ′tN(x)
2(ηΛ(N−l)xl)
− l
x
PtN (x)
2(ηΛ(N−l)xl)√
PN(x)2 − 4Λ2(N−l)x2l = [(ηΛ(N−l)xl)t−1Ut−1(x˜)]
√
PN(x)2 − 4Λ2(N−l)0 x2l
which yields the relation
Tt(x) = tT (x) (4.12)
In the context of geometric engineering, this simply says that the U(tNi) is obtained
by wrapping tNi branes around the i-th root of W
′(x) while the U(Ni) theory arises
from Ni wrapped branes.
As with the addition map, the multiplication map can be used to map vacua of
a U(N) theory to vacua of a U(tN) theory. Since,
PtN (x)
2 − 4Λ2t(N−l)x2tl = [(ηΛ(N−l)xl)t−1Ut−1(x˜)]2[PN(x)2 − 4η2Λ2(N−l)x2l] (4.13)
it is easy to see that in the limit Λ→ 0, PtN (x)→ (PN(x))t. U(N) has vacua which
have a classical limit in which the unbroken gauge group is U(N1) × U(N2). These
vacua are related to those of a U(tN) theory which have a classical limit U(tN1) ×
U(tN2). Also, if a vacuum of U(N1) × U(N2) with 2l flavors under U(N1) can be
continuously deformed into a vacuum of U(N˜1)×U(N˜2) with flavors 2l under U(N˜1),
then a vacuum of U(tN1) × U(tN2) with flavors 2tl under U(tN1) is continuously
deformable to a vacuum of U(tN˜1)× U(tN˜2) with flavors 2tl under U(tN˜1).
In [1], for a theory without flavors, the multiplication map allowed reduction of
all discussions of confining vacua to Coulomb vacua. In our case with flavors, defining
a formal “multiplication index” for
∏
U(Ni) theories as the greatest common divisor
(GCD) of the Ni and the number of flavors 2l, we can hope to reduce some vacua
of higher rank gauge theories with multiplication index t > 1 to vacua of lower rank
gauge theory with multiplication index t = 1. However, there is a subtlety here that
was already encountered in the case without flavors. Although the multiplication map
can relate different product gauge theories and give useful information concerning
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which classical limits can be smoothly connected, it does not specify the properties
of the N = 1 vacua that are related by the map. In particular the higher rank gauge
theories involved in the map will have more vacua than the lower rank ones, and so
a more refined index is useful. Such an index, called the “confinement index”, was
defined for theories without flavors in [1] as the GCD of the Ni and ri− rj where the
ri label the different oblique confining vacua in each U(Ni) factor. This index had
an attractive physical meaning in terms of the representations whose Wilson loops
did not show area laws. The same index cannot be obtained in our case because
the presence of massless fundamentals ensures perfect screening – there is never an
area law and so the confinement index is always equal to 1. However, it is clear
by examining the factorized forms of the SW curve that some refinement of the
“multiplication index” that we are using is possible. The connection to a matrix
model can probably also be used to defined a more refined index. Recall that in
the absence of flavors the correct multiplication (or confinement) index could also be
obtained in terms of period integrals around all compact cycles computed from the
eigenvalue density function T (x) treated as a function on the complex plane. Such
a relationship should still be available in the presence of massless flavors, but the
precise details remain to be elucidated in a future publication.
5. Quadratic Tree Level Superpotential
In this section we will discuss the case of a quadratic tree level superpotential
W (Φ) = u2 +mu1 (5.1)
so that W ′(x) = (x+m). In this case the gauge group will necessarily contain only
one factor in the semiclassical limit Λ → 0. Suppose the Seiberg-Witten curve is
y2 = PNc(x)
2−4Λ2Nc−Nf (x+m)Nf , then according to our previous analysis there are
various r’th branches, at the roots of which the SW curve factorizes as PNc(x, uk) =
(x+m)rPNc−r(x).
In a quadratic tree level superpotential the points at the root of the r’th branch
that are not lifted have at least Nc − r− 1 massless monopoles condensed. Thus we
require at least Nc−r−1 double roots in the factor PNc−r(x)2−4Λ2Nc−Nf (x+m)Nf−2r
of the Seiberg-Witten curve. There is a special case, only for r = Nf −Nc, where we
have one extra double root. This is what we called the “baryonic branch” in analogy
with SU(N) theories.
In this section we will use the general methods developed in Sec. 3.1 and Sec. 3.2
to study the r = Nf/2 branch and the “baryonic” case with r = Nf − Nc. For the
other branches we will work out several examples since the general solution to the
relevant factorization problem is not convenient (however, see [26]). We will find the
vacua of these theories in the strong coupling region, take classical limits, and show
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that these limits always contain only one gauge group factor. As such, the example
of a quadratic superpotential will not allow us to study smooth interpolation between
classical theories with different product gauge theories. Nevertheless, this is a good
warmup example.
5.1 Some general cases
First we consider two cases where a general discussion is possible. We will rely heavily
on the results present in Sec. 3.1 and Sec. 3.2 and refer the reader to those sections
of clarification of all our obscurities.
r = Nf
2
: In this case there is a residual Z2 symmetry so the number of vacua should
be 1
2
(2Nc −Nf ) from the weak coupling analysis. We will show this is also the case
from the strong coupling point of view. The SW curve is
y2 = (x+m)Nf (PNc−r(x)
2 − 4Λ2Nc−2r) (5.2)
We need Nc − r − 1 double roots in the factor PNc−r(x)2 − 4Λ2Nc−2r. This has been
solved [27, 28] (see also [29]). One solution is given by the eigenvalues are
Φ = diag[−m, ...,−m, x1, ..., xNc−r], xk = 2Λ cos
π(k − 1
2
)
Nc − r + z (5.3)
From this we read out 1
2
Tr(Φ2) = Nc−r
2
[z2+2Λ2]+ r
2
m2 and Tr(Φ) = −rm+(Nc−r)z.
Putting u2, u1 into the superpotential W = u2 + mu1 and minimizing it we get
z = −m. Then it is easy to see that in the limit Λ→ 0, xk → −m. So in the classical
limit we obtain a single gauge group factor. We expect to have Nc −Nf/2 = Nc − r
vacua, and these are obtained by setting Λ2 → Λ2e2ipik/(Nc−r), all of which solve the
factorization condition.
Baryonic branch with r = Nf −Nc: In this case we require PNc(x) = (x+m)rPNc−r(x),
and the Seiberg-Witten curve is
y2 = (x+m)2r(PNc−r(x)
2 − 4Λ2Nc−Nf (x+m)Nc−r) (5.4)
We require Nc − r double roots in PNc−r(x)2 − 4Λ2Nc−Nf (x + m)Nc−r. The only
solution is PNc−r(x) = (x+m)
Nc−r +Λ2Nc−Nf . This is the “baryonic” root invariant
under the unbroken Z2Nc−Nf symmetry. Again, the semiclassical limit has a single
gauge group factor since PNc → (x+m)Nc .
5.2 U(2) with 2 flavors
The only possible case that is not covered by the above general discussion is the
r = 0 branch. We need one double root in the Seiberg-Witten curve y2 = P2(x)
2 −
4Λ2(x+m)2. Suppose P2(x)− 2ηΛ(x+m) = (x+ a)2, then
y2 = (x+ a)2((x+ a)2 + 4ηΛ(x+m)) (5.5)
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We can then read out the tree level superpotential W ′(x) = x + m = x + a using
equation (3.44). In the weak coupling analysis we expect to have 2Nc − Nf =
2 × 2 − 2 = 2 vacua. From the strong coupling perspective, we have found two
solutions, a = m for η = ±1 as expected. Again the semiclassical limit recovers a
single gauge group factor: P2(x)→ (x+m)2.
5.3 U(3) with 2 flavors
We discuss the r = 0 branch since other cases have been covered by the above
general discussion. We need two double roots in the Seiberg-Witten curve y2 =
P3(x)
2 − 4Λ4(x+m)2. To solve the factorization problem we write:
P3(x)− 2Λ2(x+m) = (x+m− a
3
Λ2
+ a)2(x+m− a
3
Λ2
− 2a− Λ
2
a
)
P3(x) + 2Λ
2(x+m) = (x+m− a
3
Λ2
− a)2(x+m− a
3
Λ2
+ 2a− Λ
2
a
) (5.6)
So on the factorization locus the SW curve is
y2 = (x+m− a
3
Λ2
+ a)2(x+m− a
3
Λ2
− a)2((x+m− a
3
Λ2
− Λ
2
a
))2 − 4a2) (5.7)
Again we read out the tree level superpotential W ′(x) = x + m − a3
Λ2
− Λ2
a
using
equation (3.44), and thus find that a
3
Λ2
+ Λ
2
a
= 0. This has four solutions which
matches the weak coupling expectation of 2Nc − Nf = 4 vacua. The semiclassical
limit has one gauge group factor: P3(x)→ (x+m)3.
5.4 U(3) with 4 flavors
Since the other cases are covered by the general discussion we focus on the non-
baryonic r = 1 and r = 0 branches.
Non-baryonic r = 1 branch: The addition map can be used to reduce the cal-
culations to the non-baryonic r = 0 branch of U(2) with 2 flavors. The number of
vacua is then 2Nc −Nf = 3× 2− 4 = 2 as shown in U(2) case.
Non-baryonic r = 0 branch: We solve the factorization and find
P3(x)− 2Λ(x+m)2 = (x+ a+ b)2(x+ a− 2Λ− 2b− 2(m− a)Λ
b
)
P3(x) + 2Λ(x+m)
2 = (x+ a− b)2(x+ a+ 2Λ + 2b− 2(m− a)Λ
b
) (5.8)
with the constraint b2(b+Λ) = (m− a)2Λ. Thus we read out the tree level superpo-
tential W ′(x) = x+ a− 2(m−a)Λ
b
.
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To count the number of vacua, we need to solve the following two equations for
a, b with fixed m :
a− 2(m− a)Λ
b
= m
b2(b+ Λ) = (m− a)2Λ (5.9)
There are 3 solutions a = m ± 2iΛ, b = −2Λ and a = m, b = −Λ. One can check
that we indeed have a single gauge group factor for each solution in the classical limit
Λ→ 0. The first two solutions come in the strong coupling region from non-baryonic
roots and match the weak coupling counting of vacua arising from non-degenerate
meson fields 2Nc − Nf = 2 × 3 − 4 = 2. The third solution is a little different –
in the weak analysis it comes from the case with degenerate meson fields M . Thus
in the strong analysis, this vacuum should lie on a non-baryonic submanifold in the
baryonic branch [10] as discussed in Sec. 3.2. Indeed, for the third solution the SW
curve factorizes as
P3(x)− 2Λ2(x+m) = (x+m− Λ)2(x+m)
P3(x) + 2Λ
2(x+m) = (x+m+ Λ)2(x+m) (5.10)
This happens to match the SW curve on the r = 1 branch. This coincidence occurs
because this vacuum lies on the non-baryonic submanifold of the baryonic branch
which exists for r = Nf −Nc = 1 .
The reason why we always obtain a single gauge group factor in the classical limit
is because we require the bare squark mass m to be a root of the superpotential so
that we have charged massless quarks. Because of this there was a relation between
the Coulomb moduli and the m, which in turn led to a single gauge group factor in
the classical limit.
6. Cubic Tree Level Superpotential
In this section we will discuss the case of a cubic tree level superpotential
W (Φ) = u3 + (m+ α)u2 +mαu1 (6.1)
so thatW ′(x) = (x+m)(x+α). (We will heavily use the general results in Sec. 3.1 and
Sec. 3.2.) In this case the gauge group will break into two factors in the semiclassical
limit Λ→ 0. Suppose the Seiberg-Witten curve is y2 = PNc(x)2−4Λ2Nc−Nf (x+m)Nf .
Then according to our previous analysis there are various r’th branches in which the
SW curve factorizes as PNc(x, uk) = (x + m)
rPNc−r(x). In the r > 0 branches we
have massless flavors quantumly.
With a cubic tree level superpotential the points at the root of the r’th branch
that are not lifted have at least Nc − r− 2 massless monopoles condensed. Thus we
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require at least Nc−r−2 double roots in the factor PNc−r(x)2−4Λ2Nc−Nf (x+m)Nf−2r
of the Seiberg-Witten curve. Suppose we have a semiclassical limit U(Nc)→ U(N1)×
U(N2) with Nf flavors charged under U(N1). Then in the semiclassical limit we are
also in the r’th branch of the U(N1) block with Nf flavors. There are two special
cases which we call “baryonic branches” where we have one extra double root. One
is r = Nf −N1 and another is r = N1.
We will consider various examples and solve the factorization problem in the
baryonic r’th branches (with Nc−r−1 double roots) and non-baryonic r’th branches
(with Nc − r − 2 double roots). The methodology in these two cases is as follows:
1. Non-baryonic r’th branch: The solution to the factorization problem has two
parameters, thus by solving it we are restricted to a two-parameter subspace
of the Coulomb moduli space. We will use equation (3.44) to find the tree
level superpotential and equations relating the two parameters of the Coulomb
moduli space to the roots of superpotenital m,α. Then we discuss various
semiclassical limits and possible interpolations between them. After that we
will fix the superpotential and count the number of vacua to check the general
formulae given in previous section.
2. Baryonic r’th branch: The factorization problem has only one parameter. Also
here the gauge group breaking patterns are very restrictive: we must have
N1 = r orN1 = Nf−r, and for either case the number of vacua is N2 = Nc−N1.
Because of this the possible semiclassical limits are completely determined. We
will show how this follows from the SW curve and explore the possible smooth
interpolations between baryonic vacua. We will only determine the tree level
superpotential and count the number of vacua for one example. This is because
an additional monopole is condensed in this case and therefore (3.44) should be
generalized before it can be directly applied to determine the superpotential.
We find it useful to introduce some notation at this stage. Henceforth, we will
use the notation ̂U(N1)×U(N2) to denote a product group theory with gauge group
U(N1)× U(N2) and flavors charged under the U(N1) factor.
6.1 The U(2) gauge group
For U(2) we will discuss the cases with 0 and 2 flavors. We will not discuss an odd
number of flavors in our paper except in the baryonic branch because the calculations
are more difficult. We also constrain ourselves to the case Nf < 2Nc so that the
theory is asymptotically free and we can use the Seiberg-Witten curve safely.
6.1.1 Nf = 0
The Nf = 0 case has been discussed in [1]. The curve is
y2 = [(x+ a)(x+ b)]2 − 4Λ4 (6.2)
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From this we read out Φ = diag{−a,−b} andW ′(x) = (x+a)(x+b), so a = m, b = α.
In the IR a U(1)× U(1) survives. After minimizing the superpotential there is only
one N = 1 vacuum.
6.1.2 Nf = 2
In this case we can have r = 0 and r = 1 branches. However, since the only possible
classical breaking pattern U(2)→ U(1)× Û(1) (the ̂ denotes the flavors are charged
under the U(1) factor), the r = 1 branch is a baryonic branch (since r = N1) while
the r = 0 branch is non-baryonic.
Baryonic r = 1 branch: The r = 1 branch can only be a baryonic branch since
the classical limit is U(1)× Û(1) with r = 1 = N1. The curve is
y2 = (x+m)2[(x+ a)2 − 4Λ2] (6.3)
where no extra double root is needed. Putting Φ = diag{−m,−a} into the super-
potential (6.1) and minimizing it we find that a = α. In classical limit P2(x) =
(x + m)(x + α) so we get U(2) → U(1) × Û(1). However, since this is a bary-
onic branch, the U(1) factor with flavors is actually higgsed. We are left only one
decoupled U(1) without flavors.
Non-baryonic r = 0 branch: We do not need double roots in the Seiberg-Witten
curve y2 = P2(x)
2−4Λ2(x+m)2. Using (3.44) we read off the corresponding tree level
superpotential. (Notice in this case we need to take into account the modification of
the formula with flavors since Nf ≥ 2Nc − 2.)
F4(x) + 4Λ
2(x+m)2 = P2(x)
2 = W ′(x)2 +O(x) .
So P2(x) = W
′(x) = (x+ α)(x +m), thus the semiclassical limit is U(2) → U(1) ×
Û(1). To count the number of vacua, we see for fixed m and α there is only one
solution for P2(x), so there is only one vacuum.
Notice that putting P2(x) = (x+ α)(x+m) into the SW curve we find
y2 = [(x+ α)(x+m)]2 − 4Λ2(x+m)2 = (x+m)2[(x+ a)2 − 4Λ2] (6.4)
which has the same form as the SW curve as in the r = 1 branch. In fact we
encountered a similar phenomenon for a quadratic superpotential, in a U(3) theory
with four flavors in the r = 0 branch. There the explanation was that the non-
baryonic r = 0 branch lies inside the baryonic r = 1 branch. The same thing applies
here, and we should count this vaccum as a solution for each of these branches.
6.2 The U(3) gauge group
Things get more interesting with a U(3) gauge group since there are two different
classical breaking patterns: U(3) → U(1)× U(2) with massless flavors in either the
U(1) or the U(2) factor. We will consider cases with Nf = 0, 2, 4. The number of
vacua arising in each case is summarized in Table 2.
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6.2.1 Nf = 0Nf r U(1)× Û(2) Û(1)× U(2)
0 0 2 2
2 0 2/(1) 2
1 1 (2)
4 0 1 2
1 1 (2)
2 (1)
Table 2: We remind the reader of our no-
tation. By U(1) × Û(2) we mean the clas-
sical limit U(3) → U(2) × U(1) with fla-
vors charged under U(2). The empty block
means that there is no vacua for this case.
For example we can not have an r = 2
branch for U(3) → U(2) × Û(1). Also
we use n and (n) to distinguish the non-
baryonic and baryonic vacua. If for any
given r both kinds of branches exist, we
use n/(m) for them.
This case has been studied in [1]. For our
cubic superpotential there are four solu-
tions which are divided into two groups
corresponding to which root of the super-
potential the U(2) is located at. Each group
has two vacua corresponding to the two
confining vacua of U(2).
6.2.2 Nf = 2
Here, we can have r = 0 and r = 1 branches.
For U(3)→ Û(1)×U(2), the r = 1 branch
is baryonic (r = Nc) while r = 0 branch
is non-baryonic. For the breaking pattern
U(3)→ Û(2)×U(1), non-baryonic branches
exist for both r = 0 and r = 1 while
a baryonic branch exists only for r = 0
branch.
Baryonic r = 1 branch: The only possible gauge group breaking pattern is U(3)→
Û(1) × U(2). The Seiberg-Witten curve is y2 = (x +m)2(P2(x)2 − 4Λ4). We need
one double root in P2(x)
2 − 4Λ4. Suppose
P2(x) + 2ηΛ
2 = (x+ a)2 ⇒ u1 = −2a, u2 = a2 + ηΛ2 . (6.5)
Using u3 = u1u2− 16u31, and minimizing the superpotential, we get a2−αa+ηΛ2 = 0.
From this we have a solution a = (α ±√α2 − 4ηΛ2)/2. However, to get two gauge
group factors in the classical limit Λ → 0 we need to choose + sign so that a → α.
Thus we get two solutions labeled by the choice of η = ±1. In the weak coupling
limit, the U(1) factor with two flavors has one vacuum while the confining U(2) has
two. So there are 1×2 = 2 weak coupling vacua matching the strong coupling result.
Non-baryonic r = 1 branch: In this case we do not need a double root. The
Seiberg-Witten curve y2 = P3(x)
2 − 4Λ4(x+m)2 is factorized as
y2 = (x+m)2(P2(x)
2 − 4Λ4) . (6.6)
So W ′(x) = P2(x) = (x+m)(x+α) by equation (3.44). The semiclassical limit gives
U(3) → U(1) × Û(2). To count the number of vacua, observe that we have only 1
solution for P2(x) with fixed m and α. This is consistent with the weak coupling
analysis since in this case with r = Mi
2
we expect 1
2
(2Ni −Mi) = 12(2 × 2 − 2) = 1
vacua.
34
Baryonic r = 0 branch: We need two double roots in the Seiberg-Witten curve
y2 = P3(x)
2 − 4Λ4(x+m)2. Solving the factorization problem gives
P3(x)− 2Λ2(x+m) = (x+m− a
3
Λ2
+ a)2(x+m− a
3
Λ2
− 2a− Λ
2
a
)
P3(x) + 2Λ
2(x+m) = (x+m− a
3
Λ2
− a)2(x+m− a
3
Λ2
+ 2a− Λ
2
a
) (6.7)
For a non-singular semiclassical limit we must have a ∼ Λp with 2
3
≤ p ≤ 2. But
when p < 2 this limit leads to a single gauge group factor: P3(x) → (x+m − a3Λ2 )3.
So the only non-singular semiclassical limit with two gauge group factors arises by
keeping v = −Λ2
a
fixed. Then P3(x)→ (x+m)2(x+m+ v).
To count the number of vacua we first fix m and α in the tree level superpotential
and find the number of a which extremize it. Since this is a baryonic branch where
we have one extra monopole, it is not straightforward to use the equation (3.44).
So we will do the extremization directly. First from (6.7) and the formula P3(x) =
x3− u1x2+ (u
2
1
2
− u2)− u
3
1
6
+ u1u2− u3 we find u1, u2, u3. We then minimize the tree
level superpotential W = u3 + (m+ α)u2 +mαu1. We find
∂W (m,α, a)
∂a
=
(9a4 − Λ4)(a8 + (α−m)Λ2a5 + 4Λ4a4 + (α−m)Λ6a+ Λ8)
a4Λ6
(6.8)
Vacua arising from the solution 9a4 − Λ4 = 0 are not interesting to us because
they cannot be brought to a weak coupling region by varying parameters of the
superpotential. Discarding these solutions we can analyze the asymptotic behavior
of the remaining eight roots when Λ→ 0
a8 + (α−m)Λ2a5 + 4Λ4a4 + (α−m)Λ6a+ Λ8 = 0 (6.9)
There are three roots a3 ∼ (m − α)Λ2 for which the first and the second terms in
(6.9) dominate as Λ → 0. There is one root a ∼ Λ2
m−α
for which the fourth and the
fifth terms in (6.9) dominate. Finally there are four roots a4 ∼ −Λ4 for which the
second and the fourth terms in (6.9) dominate.
As we have already analyzed, the four roots a4 ∼ −Λ4 have semiclassical limits
with a single gauge group factor: P3(x)→ (x+m)3. The three roots a3 ∼ (m−α)Λ2
also have a single gauge factor in the semiclassical limit: P3(x) → (x + α)3.15 The
single root a ∼ Λ2
m−α
has the semiclassical limit P3(x) → (x +m)2(x + α). This the
solution with two gauge group factors that we are looking for. The single vacuum
matches the counting in the weak coupling region.
15However, we will see later by using the addition map that this case will explain the physics of
U(4) theory with Nf = 4 in the r = 1 branch.
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Non-baryonic r = 0 branch: The Seiberg-Witten curve y2 = P3(x)
2 − 4Λ4(x +
m)2 must have a double root. Suppose P3(x) − 2ηΛ2(x +m) = (x + a1)2(x + a2).
Then the Seiberg-Witten curve is
y2 = P3(x)
2 − 4Λ4(x+m)2 = (x+ a1)2(x+ a2)((x+ a1)2(x+ a2) + 4ηΛ2(x+m))
= (x+ a1)
2(((x+ a1)(x+ a2) + 2ηΛ
2)2 +O(x)) (6.10)
So W ′(x) = (x + a1)(x + a2) + 2ηΛ
2. There are two solutions for given (a1, a2):
m = 1
2
(a1 + a2 ±
√
(a1 − a2)2 − 8ηΛ2), α = 12(a1 + a2 ∓
√
(a1 − a2)2 − 8ηΛ2). In the
semiclassical limit, one solution gives the breaking pattern U(3)→ Û(1)×U(2) and
the other solution gives U(3) → U(1) × Û(2). These two breaking pattern do not
interpolate between each other because they arise as different solutions for the vacua.
To count the number of vacua, we need to fix m and α and find the number of
solutions for a1 and a2. For each η = ±1 there are two solutions. In the semiclassical
limit they become a1 → m, a2 → α and U(3) → U(1) × Û(2), or a1 → α, a2 → m
and U(3) → Û(1) × U(2). The count of vacua is consistent with the weak coupling
limit as follows. For flavors under the U(2), the factor U(1) has one vacuum and the
U(2) with Nf = 2 in the r = 0 branch has 2Nc − Nf = 2 vacua giving a total of
1× 2 = 2 vacua. For flavors under U(1), the confining U(2) factor leads to 2 vacua.
Addition map: We can also explain these results from the point of view of the
addition map that we introduced. We have claimed that U(3) with Nf = 2 at r = 1
branch can be reduced to U(2) with Nf = 0 at r = 0 branch. From our previous
discussion in U(2) section, the later has only one solution for U(2) → U(1) × U(1)
. Using the addition map to go from U(2) to U(3) we get only one solution for
U(3) → Û(2) × U(1). Note that the addition map does not recover the case with
flavors charged under U(1). This is because U(1) with Nf = 2 at r = 1 will formally
reduce to U(0) with Nf = 0 in the r = 0 branch which does not exist. In fact, since
the case with flavors in the U(1) is in the baryonic branch we should not expect to
recover it from the non-baryonic branch in U(2). This example demonstrates us that
the general addition map is very useful, but does not cover all cases.
6.2.3 Nf = 3
It is difficult to analyze the case with an odd number of flavors and we only study
the baryonic branch where the analysis simplifies.
Baryonic r = 1 branch: Two semiclassical limits U(3)→ Û(1)×U(2), and U(3)→
U(1)×Û(2) are possible. As we will demonstrate shortly, we can smoothly interpolate
between these classical theories by passing through the strong coupling region.
Suppose P3(x) = (x+m)P2(x), then the Seiberg-Witten curve is
y2 = P3(x)
2 − 4Λ3(x+m)3 = (x+m)2(P2(x)2 − 4Λ3(x+m)) . (6.11)
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We require P2(x)
2 − 4Λ3(x+m) to have a double root. Suppose
P2(x)
2 − 4Λ3(x+m) = ((x+ c)2 + a(x+ c) + b)2 − 4Λ3(x+m)
= (x+ c)2((x+ c)2 + 2v(x+ c) + u) (6.12)
We equate the coefficients of the powers of x and find 4 equations for a, b, c, u, v.
Eliminating a and b we find
u− v2 = ±4((m− c)Λ3) 12
v = ±( Λ
3
m− c)
1
2 (6.13)
We can take two different semiclassical limits
1. Λ → 0 and c − m fixed and finite. Then according to (6.13) u → 0, v → 0,
P2(x)→ (x+ c)2. So P3(x)→ (x+m)(x+ c)2, U(3)→ Û(1)× U(2).
2. Λ → 0, c → m and v = ±( Λ3
m−c
)
1
2 fixed. Then u → v2, P2(x) → (x +m)(x +
m+ v). So P3(x)→ (x+m)2(x+m+ v), U(3)→ U(1)× Û(2).
Thus we indeed find two semiclassical limits which are smoothly connected to each
other.
Both semiclassical limits are in baryonic branches, but the vacua arise in different
ways. For flavors charged under U(1), we are in the r = Nc branch while for flavors
charged under U(2), we are in the r = Nf − Nc branch. However, in both cases
r = 1 and this is why there is possibility of smooth interpolation. In both cases one
of the gauge group factors (either U(1) or U(2)) is totally higgsed, leaving a single
decoupled U(1) from the other factor. (When the U(1) is Higgsed SU(2) ⊂ U(2)
confines.) Thus the low energy theory is identical. Generically, for this to happen
with our cubic superpotential we need N1 = r or N1 = Nf − r. We have seen one
example here and will see another we we consider U(4) with four flavors in the r = 1
branch.
6.2.4 Nf = 4
In this case we can have r = 0, 1, 2 branches. The r = 2 branch exists only for flavors
charged under U(2) and is a baryonic branch. The r = 1 branch is non-baryonic
if the flavors charged under U(2) and is baryonic if flavors are charged under U(1).
The r = 0 branch is non-baryonic for both breaking patterns.
Baryonic r = 2 branch: The r = 2 branch can only be a baryonic branch. By
the addition map this reduces to a baryonic r = 1 branch in U(2) with two flavors
that have already studied. It is obvious that the only semiclassical limit is U(3) →
U(1)× Û(2).
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Baryonic r = 1 branch: The curve is
y2 = (x+m)2[P2(x)
2 − 4Λ2(x+m)2] (6.14)
Requiring one double root gives16
P2(x)− 2ηΛx = (x+ a)2 . (6.15)
On this branch the Coulomb moduli are therefore
u1 = −2(a + ηΛ), u2 = a2 + 4ηΛa+ 2Λ2 (6.16)
Actually we are just looking at the U(2) arising from the part of the SW curve inside
the square brackets. The un for the full U(3) are given by shifting the above by
(−m)n/n. For the U(2) factor we also have u3 = u1u2 − 16u31. Putting everything
into the superpotential which now becomes W (Φ) = u3 + αu2 and minimizing it we
get
a =
1
2
[α− 6ηΛ±
√
α2 − 4ηΛα+ 20Λ2] (6.17)
To have two classical gauge group factors we need to take + sign which gives us
U(2) × Û(1). We have two solutions for η = ±1. In the weak coupling region the
corresponding two vacua arise from confinement of SU(2) ⊂ U(2).
Non-baryonic r = 1 branch: This case reduces by the addition map to the non-
baryonic r = 0 branch in U(2) with two flavors. The semiclassical limit is P3(x) →
(x+m)2(x+α) and U(3)→ U(1)×Û(2). As in the U(2) case, the curve of this r = 1
branch looks like the curve for an r = 2 branch, again because we are considering a
non-baryonic branch embedded within a baryonic one.
Non-baryonic r = 0 branch: The Seiberg-Witten curve y2 = P3(x)
2 − 4Λ2(x +
m)4 has a double root. Suppose P3(x) − 2ηΛ(x + m)2 = (x + a1)2(x + a2). The
Seiberg-Witten curve is
y2 = P3(x)
2 − 4Λ2(x+m)4
= (x+ a1)
2(x+ a2)((x+ a1)
2(x+ a2) + 4ηΛ(x+m)
2) = (x+ a1)
2F (x)(6.18)
So F (x) = (x+ a1)
2(x+ a2)
2 + 4ηΛ(x+m)2(x+ a2), and
F (x) +
4Λ2(x+m)4
(x+ a1)2
= F (x) + 4Λ2x2 +O(x)
= ((x+ a1)(x+ a2) + 2ηΛ(x− a1 + 2m))2 +O(x) (6.19)
from which we read out W ′(x) = (x+a1)(x+a2)+2ηΛ(x−a1+2m). There are two
solutions: m = a1, α = a2 + 2ηΛ or m = a2 − 2ηΛ, α = a1 + 4ηΛ. The first solution
16We have put m = 0 to make the computation simpler.
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coincides with an r = 2 branch and leads to the classical limit U(3)→ U(1)× Û(2)
while the second solution becomes U(3)→ Û(1)× U(2).
To count the number of vacua, we need to fix m and α and find the number of
solutions for a1 and a2. In the first solution a1 = m, a2 = α− 2ηΛ we have
P3(x)− 2ηΛ(x+m)2 = (x+m)2(x+ α− 2ηΛ)
P3(x) + 2ηΛ(x+m)
2 = (x+m)2(x+ α + 2ηΛ) (6.20)
The solution is the same for η = ±1, so there is actually only one solution with a
semiclassical limit U(3)→ U(1)× Û(2). According to the weak coupling analysis, we
should expect two vacua from the U(2) factor with four flavors. However, since the
curve coincides with that on the r = 2 branch, we should count the weak coupling
vacua for with r = 2. This counting gives one vacuum, consistent with the above
analysis. For the second solution a1 = α−4ηΛ and a2 = m+2ηΛ, the choices η = ±1
are different; so we have two vacua for U(3) → Û(1) × U(2). The two vacua come
from the confininement in the U(2) factor.
Before ending this subsection, note a special fact concerning flavors charged
under the U(2) factor: all r = 0, 1, 2 branches have the same curve as in r = 2
branch after the minimization of the superpotential. We we later use this fact when
use the addition map to study the U(4) with six flavors charged under a U(3) factor.
6.3 The U(4) gauge group
For the U(4) gauge group we will discuss Nf = 0, 2, 4, 6 flavors. There are three
breaking patterns U(4) → U(2) × Û(2), U(4) → Û(1) × U(3) and U(4) → U(1) ×
Û(3). In this case we will observe smooth interpolations between classical limits with
different product gauge groups. We summarize the number of vacua for various Nf , r
and the possible interpolations in the following table.
The details of the table are explained below.
6.3.1 Nf = 0
The flavorless case has been studied in [1]. As discussed in Sec 3.2.4, we can label the
various branches by integers (s+, s−) which indicate the number of double roots in
different factors of the SW curve. There are four vacua for U(4)→ U(2)×U(2), two
of which are confining and lie on the (2, 0) and (0, 2) branches, and two of which are
Coulomb vacua and lie in the (1, 1) branch. We denote these two vacua in the two
different branches as 2 + 2 in Table 3. There are six vacua for U(4)→ U(1)× U(3)
arising from two different distributions of the roots of the superpotential in the
factors of the SW curve, and the confinement of the U(3) factor which gives three
vacua in each case. Furthermore, the Coulomb vacua in the semiclassical limit with
U(2)× U(2) symmetry are continuously conencted to the U(1)× U(3) vacua.
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Nf r Û(2)× U(2) Û(1)× U(3) Û(3)× U(1) connection
0 0 2+2 3 3 yes
2 0 2+2/(2) 3 4 yes
1 2 (3) 2 no
4 0 2+2 3 3 yes
1 2 (3) 2/(1) no
2 (2) 1 no
6 0 2+2 3 1 no
1 2 (3) 1 no
2 (2) 1 no
3 (1) no
Table 3: We have indicated the number of non-baryonic and baryonic vacua as “n” and
“(n)” respectively. In cases where there are smooth interpolations between classical limits
with different gauge symmetry breaking patterns we have indicated a “yes” in the last
column.
6.3.2 Nf = 2
In this case we can have r = 1 and r = 0 branches. For the breaking pattern with
flavors charged under U(2), the r = 1 branch is non-baryonic while r = 0 branch
can be non-baryonic or baryonic. For the pattern with flavors under U(1), the r = 1
branch is baryonic while the r = 0 branch is non-baryonic. For the pattern with
flavors under U(3), both r = 1 and r = 0 branches must be non-baryonic. All these
discussions can be summarized by the table
U(2)× Û(2) Û(1)× U(3) Û(3)× U(1) connection
r = 1 N B N no
r = 0 B/N N N all three connected
Table 4: We remind the reader that U(N1)× ̂U(N2) represents a semiclassical limit with
gauge group U(N1)×U(N2) and flavors charged under U(N2). B labels baryonic branches
and N labels non-baryonic branches. The last column indicates if vacua in these classical
limits can be smoothly transformed into one another.
Baryonic r = 1 branch: The only semiclassical limit we expect is U(4)→ Û(1)×
U(3). Indeed, suppose P4(x) = (x+m)P3(x) and that P3(x)
2 − 4Λ6 has two double
roots. Using the addition map this is exactly the same problem we faced in the
baryonic r = 0 branch of U(3) with no flavors. We have shown there that we can
find three solutions with the semiclassical limit P4(x) → (x + m)(x + α)3. In the
weak coupling analysis these three vacua come from confinement in SU(3) ⊂ U(3).
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Non-baryonic r = 1 branch: In this case P4(x) = (x+m)P3(x) and P3(x)
2−4Λ6
has one double root. Suppose P3(x)− 2ηΛ3 = (x+ a1)2(x+ a2), then
y2 = (x+ a1)
2((x+ a1)
2(x+ a2)
2 + 4ηΛ3(x+ a2)) . (6.21)
So we read off the tree level superpotentialW ′(x) = (x+a1)(x+a2) = (x+m)(x+α),
which gives two solutions m = a1, α = a2 or m = a2, α = a1. The corresponding
semiclassical limits are P4(x) → (x +m)3(x + α) or P4(x) → (x +m)2(x + α)2. To
count the number of vacua, note that for each η = ±1 and fixed m and α there are
two solutions for P4(x), so the number of vacua for these two semiclassical limits
are both two. This is consistent with the weak coupling analysis since r =
Nf
2
and
thus the number of vacua is given by 1
2
(2Nc − Nf ) = 12(2 × 3 − 2) × 1 = 2 for
P4(x) → (x + m)3(x + α), and also 12(2Nc − Nf) × 2 = 12(2 × 2 − 2) × 2 = 2 for
P4(x)→ (x+m)2(x+ α)2. The final factor of two in the latter case comes from the
confinement of SU(2). These results can also be easily derived by the addition map
which reduces the problem to the non-baryonic r = 0 branch of U(3) without flavors.
There is another interesting phenomenon happening here. The SW curves of
above two solutions are
y2 = (x+m)3(x+ α)2[(x+ α)2(x+m)− 4ηΛ3] (6.22)
y2 = (x+m)4(x+ α)[(x+m)2(x+ α)− 4ηΛ3] (6.23)
Notice the factors (x +m)3 and (x +m)4. They indicate the presence of nontrivial
conformal fixed points in the N = 2 theory. [30, 31, 32].17 In fact, the appearance
of such points is a general phenomenon in our framework. In the flavorless case,
the Seiberg-Witten curve is factorized as the product of HN−n(x)
2 and F2n at points
which survive the N = 1 deformation. The F2n factor is parametrized by n variables.
It is easy to see that some values of these n variables will lead to a common factor with
HN−n(x). In the flavorless case we can adjust the superpotential W (Φ) freely, and so
we can avoid such a special point. Our treatment of massless flavors gives a different
story. Since we now require the squark mass to be a root of the superpotential, we
have less freedom in the choice of W (Φ) and the non-trivial superconformal fixed
points are generically the locations in the N = 2 moduli space that are not lifted by
the N = 1 deformation.
Baryonic r = 0 branch: On general grounds the only semiclassical limit with two
gauge group factos that we expect is U(4)→ U(2)×Û(2). The Seiberg-Witten curve
y2 = P4(x)
2− 4Λ6(x+m)2 must have three double roots. We solve the factorization
problem and find
P4(x)− 2ηΛ3(x+m) = (x+ a)2((x+ a)2 + 2(b+ c)(x+ a) + b2 + c2 + 4bc)
P4(x) + 2ηΛ
3(x+m) = (x+ a+ b)2(x+ a+ c)2 (6.24)
17Specifically, these points are in the class 4 of the classification in [32] with p = 1 for (6.22) and
class 4 with p = 2 for (6.23).
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with the constraints
bc = ±2η((m− a)Λ3) 12
b+ c = ±( Λ
3
m− a)
1
2 (6.25)
There are two semiclassical limits
1. Λ → 0, with a−m fixed and finite. Then from the constraints we must have
both b, c → 0, so that P4(x) → (x + a)4. This gives a semiclassical limit with
one gauge group factor.
2. Λ → 0, a→ m. Then, from the constraints, only one of b, c goes to zero if we
keep keeping Λ
3
m−a
fixed. Suppose b is finite18, then P4(x)→ (x+m)2(x+m+b)2.
This leads to a semiclassical limit with two gauge group factors.
So we reproduce our expectation that the only semiclassical limit with two gauge
group factors gives a Û(2) × U(2). However, both semiclassical limits are smooth.
So here we are seeing a smooth interpolation between vacua of a U(4) theory with
no flavors and a U(2) × Û(2) theory. Physically, in the semiclassical U(4) limit the
flavors are classically massive, so that the SU(4) ⊂ U(4) confines leaving a decoupled
U(1). In the U(2) × Û(2) limit, Û(2) is in the baryonic branch and is completely
Higgsed. Meanwhile, in the other U(2) the SU(2) confines, leaving a decoupled U(1).
Thus the low energy physics is the same in both limits. We already observed a similar
interpolation in the baryonic r = 0 branch of U(3) with two flavors but we did not
focus on this point there. Note that an interpolation between vacua of theories with
different numbers of gauge group factors could not have happened in a non-baryonic
branch since the number of low energy U(1)s in these vacua would necessarily be
different.19
By the addition map, we can generalize this calculation to the case of U(5) theory
with 4 flavors in the baryonic r = 1 branch. We have two cases: U(5)→ Û(1)×U(4)
and U(5)→ U(2)×Û(3). The calculation done here tells us that for baryonic branch
these two classical limits in U(5) are smoothly connected.
Non-baryonic r = 0 branch in (2, 0)/(0, 2) distributions: We need 2 double roots
in the curve for this branch and distribute them as (s+, s−) = (2, 0), (0, 2), (1, 1) in
the factors of the SW curve. For the distribution (2, 0)/(0, 2), we have P4(x) −
2ηΛ3(x+m) = (x+ a1)
2(x+ a2)
2. Then
F (x) = (x+ a1)
2(x+ a2)
2 + 4ηΛ3(x+m) (6.26)
18Since b and c appear symmetrically, when c is kept finite, we get the same solution.
19Below, when Nf = 4 or 6, we should not expect to find a similar interpolation between vacua
of a theory with different number of group factors. This is because in those cases, the we do not
have two different types of baryonic branches (with r = Nc and r = Nf −Nc).
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So W ′(x) = (x + a1)(x + a2). There are two solutions: m = a1, α = a2 or m = a2,
α = a1. The semiclaasical limit gives U(4)→ U(2)× Û(2).
To count the number of vacua, we fix m and α and solve for a1 and a2. Since a1
and a2 are symmetric, we have only one solution for each η = ±1. From the weak
coupling point of view, the breaking pattern U(2)× Û(2) in the r = 0 non-baryonic
branch will have four vacua: 2(2Nc −Nf) = (2× 2− 2)× 2 = 4. Two of these have
been found above in the (2, 0)/(0, 2) distributions of double roots. Another two will
be found in the (1, 1) distribution described below.
Non-baryonic r = 0 branch in the (1, 1) distribution: We need 2 double roots.
We use the freedom of translation in x to tune the two double roots to be a and −a.
The general case can be recovered by shifting: x → x + b, m→ m − b. The factor-
ization is
P4(x) + 2Λ
3(x+m) = (x− a)2((x+ a)2 + Λ
3
a3
(mx+ 2ma− a2))
P4(x)− 2Λ3(x+m) = (x+ a)2((x− a)2 + Λ
3
a3
(mx− 2ma− a2)) (6.27)
From this we read out F2n(x) as (now n = 2)
F4(x) = ((x+ a)
2 +
Λ3
a3
(mx+ 2ma− a2))((x− a)2 + Λ
3
a3
(mx− 2ma− a2))
= (x2 +
mΛ3
a3
x− a2(1 + Λ
3
a3
))2 +O(x) (6.28)
So W ′(x) is
W ′(x) = x2 +
mΛ3
a3
x− a2(1 + Λ
3
a3
) (6.29)
There are two solutions for m by setting x = −m in (6.29). (Recall that we require
that x = −m is one solution of W ′(x) = 0.) We find
m = ±a
√
a3 + Λ3
a3 − Λ3 (6.30)
These are the superpotentials that leave this point in the Coulomb branch un-
lifted. For each solution there are 3 semiclassical limits.
1. Λ → 0 and a fixed and finite. Then m → ±a, P4(x) → (x + a)2(x − a)2. For
each solution the gauge group breaks into U(4)→ U(2)× Û(2).
2. Λ → 0, a ∼ Λp with p 6= 1. Then m→ 0, and we can keep v = Λ3
a2
fixed. The
two solutions become P4(x) → x3(x ± v). For each solution the gauge group
breaks into U(4)→ U(1)× Û(3).
3. Λ → 0, a ∼ Λ. Then it is possible to keep m finite by taking the limit
( a
Λ
− 1) ∼ Λ2. In this limit P4(x)→ x3(x+m), U(4)→ Û(1)× U(3).
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Physically, how can we understand these smooth transitions? We will see that in
all cases the exteme low energy effective theory is just two decoupled U(1)s. For the
breaking pattern U(2)× Û(2), the U(2) factor without flavors is confined and leaves
with one decoupled U(1). The U(2) factor with flavors is in the r = 0 branch; so
the SU(N − r) = SU(2) part is confined and there is a decoupled U(1) left. All told
we have a U(1) × U(1) at low energies. For the breaking pattern Û(3) × U(1), the
SU(3) ⊂ U(3) is confined in the r = 0 branch and U(1) ⊂ U(3) is decoupled. Again
we find a low energy U(1) × U(1). Finally, for the breaking pattern U(3) × Û(1),
SU(3) ⊂ U(3) is confined. Thus we have a U(1)× U(1) at low energies in this case
also.20 The fact that the low energy physics is the same in all the semiclassical limits
is a necessary, but not sufficient, condition for the existence of smooth transitions.
To count the number of vacua, we first need fix m and α and find the number
of solutions for a and the shifted constant b. Replacing x→ (x+ b) and m→ m− b
in (6.29) we obtain
W ′(x) = (x+m)(x+ α) = ((x+ b) + (m− b))((x+ b) + (α− b))
= (x+ b)2 + ((m− b) + (α− b))(x+ b) + (m− b)(α− b)
≡ (x+ b)2 + (m− b)Λ
3
a3
(x+ b)− a2(1 + Λ
3
a3
) (6.31)
This leads to the equations
α− b+m− b = (m− b)Λ
3
a3
(α− b)(m− b) = −a2(1 + Λ
3
a3
) (6.32)
By eliminating b from these equations (b =
m+α−mΛ
3
a3
2−Λ
3
a3
), we find that a must satisfy
the equation
(a3 + Λ3)(2a3 − Λ3)2 − a4(a3 − Λ3)(m− α)2 = 0 (6.33)
For fixed m and α, we find nine solutions which have a different behavior when
Λ → 0. When Λ = 0, we find two solutions with a ∼ ±m−α
2
and seven solutions at
a = 0. The two non-zero solutions correspond to two vacua in U(2)×U(2). We can
analyze the seven solutions with a = 0 more carefully. Assume a ∼ Λp in the Λ→ 0
limit. Then we can have the following different cases: If p > 1, (6.33) reduces to
Λ9 + a4Λ3(m− α)2 = 0 which leads to four solutions a ∼ Λ3/2. These four solutions
thus correpond to four vacua in the classical limit U(1) × Û(3). If p < 1, (6.33)
reduces to 4a9 − a7(m − α)2 = 0 and the solution is a ∼ Λ0 which contradicts our
20To show that the full low energy physics is identical in all these cases we should also really
discuss what happens to the charged fields, but we will not do that here.
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assumption that a → 0 so we should discard this soluton. If p = 1, (6.33) reduces
to Λ9 − a4(a3 − Λ3)(m − α)2 = 0 which has a solution only when a3 − Λ3 ∼ Λ5, so
a ∼ ρ(Λ + vΛ3) with ρ3 = 1. These three solutions lead three vacua in the classical
limit Û(1)× U(3).
We can match these numbers of various solutions with the counting of vacua
obtained in the semiclassical limits. In the r = 0 branch, U(2) × U(2) has four
vacua. We found two vacua in the (2, 0)/(0, 2) distribution of double roots and two,
(1, 1) distribution. For Û(1)×U(3), we expected three vacua from the confining U(3)
factor and they are indeed found in the (1, 1) distribution above. For U(1) × Û(3),
we expect 2Nc−Nf = 6− 2 = 4 vacua and they are found also in (1, 1) distribution.
On the (1, 1) distribution of double roots, vacua in three different classical limits
smoothly interplate between each other.
6.3.3 Nf = 4
In this case we can have r = 0, r = 1 and r = 2 branches. The possible semiclassical
limits on various r-th baryonic and non-baryonic branches can be summarized in
following table:
Û(2)× U(2) Û(1)× U(3) Û(3)× U(1) connection
r = 2 B N
r = 1 N B N/B Û(1)× U(3) B↔ Û(3)× U(1)
r = 0 N N N Û(2)× U(2)↔Û(3)× U(1)
Û(1)× U(3)↔Û(3)× U(1)
Table 5: See caption of Table 4. The symbol
B↔ indicates that the interpolation occurs
on the baryonic branch.
Non-baryonic r = 2 branch: By using the addition map, this case can be re-
duced to a U(2) gauge theory with no flavors in the r = 0 branch, where we have
only one breaking pattern U(2)→ U(1)×U(1). This leads to the unique semiclassal
limit, U(4)→ Û(3)× U(1). There is only one vacuum in both the weak and strong
coupling regions.
Baryonic r = 2 branch: To obtain the semiclassical limit U(4) → U(2) × Û(2),
we consider the baryonic branch and require an extra double roots in the curve,
which now factorizes as
y2 = x4(x+ a)2[(x+ a)2 − 4ηΛ2], or P2(x) + 2ηΛ2 = (x+ a)2 (6.34)
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Furthermore, to find the N = 1 vacua, we minimize the superpotential on this
factorization locus. It is easy to see that this is essentially the same problem21 as in
(6.5) where we found that a = (α ± √α2 − 4ηΛ2)/2. Taking only + sign22 we have
two solutions corresponding to η = ±1. In the weak coupling region, we also have
two vacua: The U(2) factor with two flavors has one baryonic vacuum, while the
other U(2) factor will give rise to two vacua, leading to a total of two vacua in the
Û(2)× U(2) theory on this branch.
Non-baryonic r = 1 branch: By using the addition map, we can reduce this case
to a U(3) with two flavors in the r = 0 branch which we analyzed carefully. We found
that there are two vacua for U(3) → Û(2) × U(1) and two vacua for the breaking
pattern U(3)→ Û(1)× U(2). Thus, by the addition map, the U(4) would have two
vacua for U(4)→ Û(3)× U(1) and two vacua for U(4)→ Û(2)× U(2).
Baryonic r = 1 branch: Via the addition map, this reduces to the baryonic r = 0
branch of a U(3) theory with two flavors which we analyzed in Sec. 6.2. The two
semiclassical limits: U(4)→ Û(1)× U(3) and U(4)→ Û(3)×U(1) can be shown to
be continuously connected on this branch.
Non-baryonic r = 0 branch in (2, 0)/(0, 2) distributions: On this branch with
the (0, 2) and (2, 0) distribution of roots, we have P4(x)−2ηΛ2(x+m)2 = (x+a1)2(x+
a2)
2, then
F4(x) = (x+ a1)
2(x+ a2)
2 + 4ηΛ2(x+m)2
= (x2 + (a1 + a2)x+ a1a2 + 2ηΛ
2)2 +O(x) (6.35)
So W ′(x) = x2 + (a1 + a2)x + a1a2 + 2ηΛ
2. There are two solutions: m = 1
2
(a1 +
a2 ±
√
(a1 − a2)2 − 8ηΛ2). In semiclassical limit, each solution leads to the breaking
pattern U(4)→ Û(2)× U(2).
To count vacua, we fix m,α and solve a1, a2:
m+ α = a1 + a2, mα = a1a2 + 2ηΛ
2 (6.36)
Since a1 and a2 are symmetric, we have only one solution for each η = ±1.
Non-baryonic r = 0 branch in the (1, 1) distribution: By shifting x by a con-
stant, we can arrange the two double roots to be at x = a and x = −a. The general
case can be recovered by shifting by a constant b: x → x + b, m → m − b. The
21This is not a coincidence. By the addition map, the U(4)→ U(2)×Û(2) theory with four flavors
charged under one of the U(2) factors in the r = 2 branch can be reduced to a U(3)→ Û(1)×U(2)
with two flavors under the U(1) factor in the r = 1 branch.
22The solution with the − sign will not lead to two gauge group factors in the semiclassical limit.
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factorization we need is
P4(x) + 2Λ
2(x+m)2 = (x− a)2
(
(x+ a)2 +
Λ2
a3
((m2 − a2)x+ 2ma(m− a))
)
P4(x)− 2Λ2(x+m)2 = (x+ a)2
(
(x− a)2 + Λ
2
a3
((m2 − a2)x+ 2ma(−m− a))
)
and we find
F4(x) =
(
(x+ a)2 +
Λ2
a3
((m2 − a2)x+ 2ma(m− a))
)(
(x− a)2
+
Λ2
a3
((m2 − a2)x+ 2ma(−m− a))
)
=
(
x2 +
(m2 − a2)Λ2
a3
x− a2(1 + 2mΛ
2
a3
)
)2
+O(x) (6.37)
So W ′(x) is given by
W ′(x) = x2 +
(m2 − a2)Λ2
a3
x− a2(1 + 2mΛ
2
a3
) (6.38)
m has to satisfy the following equation:
m3 − a
3
Λ2
m2 + a2m+
a5
Λ2
= 0 (6.39)
This has three solutions which we denote by m1, m2 and m3. Notice that (6.39) has
the symmetry m → −m and a → −a. We now consider the different semiclassical
limits.
1. Λ → 0 and a fixed and finite. Then from (6.39), find two solutions m1 = a or
m2 = −a when the second and fourth term in (6.39) dominates, and the third
solution m3 ∼ a3Λ2 blows up in the Λ → 0 limit . We will ignore this solution.
For m1 and m2 we obtain P4(x) → (x + a)2(x − a)2 which implies that the
breaking pattern is U(4)→ Û(2)× U(2).
2. Λ → 0, and a ∼ Λp with 0 < p ≤ 1. The asymptotic behavior of m1,2,3 can
be read off from (6.39). We find the solutions m1,2 ∼ ±a when second and
fourth term in (6.39) dominate and m3 ∼ a3Λ2 when the first and second terms
dominate. Thus for m1,2 we obtain P4(x) → x4, which yields a singular limit
since there is only one gauge group factor. For m3 if 0 < p <
2
3
the solution
blows up and should be discarded. If 2
3
< p ≤ 1 we obtain P4(x) → x4, which
is a singular limit. For p = 2
3
we obtain a smooth semiclassical limit. In this
case m3 =
a3
Λ2
, and we obtain P4(x)→ x3(x+m3). Hence the breaking pattern
is U(4)→ Û(1)× U(3).
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3. Λ → 0, and a ∼ Λp with p > 1. The asymptotic behavior of m1,2,3 can be
again read off from (6.39). We find m1,2 ∼ ±ia and m3 ∼ − a3Λ2 For m1,2 we
get P4(x) → x3(x − 2Λ2a ), which is a singular limit unless p = 2, in which case
the gauge group breaks into U(4) → U(1) × Û(3). For m3 we have P4(x) →
x3(x− Λ2
a
), which is a singular limit unless p = 2, in which case the gauge group
breaks into U(4)→ U(1)× Û(3).
Something new has happened here. To determine classical limits, we take a point on
the factorization locus (parameterized by a and m) and then determine the superpo-
tential which would yield that point as its minimum. That leads to the consistency
condition (6.39), which has three solutions m1, m2 and m3. The three solutions lead
to different branches and different interpolation patterns: m1,2 smoothly interpolate
between U(4) → Û(2) × U(2) and U(4) → U(1) × Û(3). m3 smoothly interpolates
between U(4) → Û(1) × U(3) and U(4) → U(1) × Û(3). We have not encountered
this phenomenon in our earlier examples. For example, in the U(4) theory with
two flavors, the three classical limits smoothly inteplate between each other with
the same choice of m. Notice that for the U(4) theory with four flavors, the limit
Û(2)× U(2) is not smoothly connected with Û(1)× U(3).
To count the number of vacua, we need to first fix m and α and find the number
of solutions for a and the shifted constant b. From (6.38) we obtain the equations
α− b+m− b = ((m− b)
2 − a2)Λ2
a3
(α− b)(m− b) = −a2(1 + 2(m− b)Λ
2
a3
) (6.40)
Eliminating b = a
4(m+α)+2a3Λ2+2mΛ4−maΛ2(m−α)
2a4+2Λ4−aΛ2(m−α)
, we obtain the following equation for
a:
4a8 − (m− α)2a6 + 4Λ4a4 + Λ2(m− α)3a3 − 5Λ4(m− α)2a2
+ 8Λ6(m− α)a− 4Λ8 = 0 (6.41)
Thus a has eight solution. We keep m and α fixed and find the asymptotic behavior
of the eight roots when Λ → 0. First by setting Λ = 0 in (6.41) we find two roots
at a ∼ ±m−α
2
and six others a → 0. The two non-zero solutions (which correspond
to m1,2 in case 1 above) lead to a semiclassical limit U(4)→ U(2)× Û(2) . We now
analyze the six solutions for a which vanish in the Λ→ 0 limit. Assume a ∼ Λp. Then
from (6.41) we find that a ∼ Λ 23 or a ∼ Λ2. For a ∼ Λ 23 the dominant terms in (6.41)
give −(m−α)2a6+Λ2(m−α)3a3 = 0 and we find three roots with a3 ∼ (m−α)Λ2.
These solutions (which correspond to m3 in case (2) above) lead to the semiclassical
limit U(4)→ Û(1)× U(3). For a ∼ Λ2 the dominant terms (6.41) give
Λ2(m− α)3a3 − 5Λ4(m− α)2a2 + 8Λ6(m− α)a− 4Λ8 = 0 (6.42)
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This implies that ((m − α) a
Λ2
− 1)((m − α) a
Λ2
− 2)2 = 0. We obtain one solution
(corresponding tom3 in case 3 above) with a ∼ Λ2m−α and two solutions (corresponding
to m1,2 in case 3) with a ∼ 2Λ2m−α . These three solutions lead to the semiclassical limit
U(4)→ U(1)× Û(3).
We now match the number of these strong coupling vacua with the number
obtained in the weak coupling region. In r = 0 branch, Û(2)× U(2) has four vacua
where two from confining U(2) factor and two from the U(2) factor with four flavors
(since Nf > Nc, we have Nc vacua). Two of these four vacua are in (2, 0)/(0, 2)
distribution and two, (1, 1) distribution. Û(1) × U(3) has three vacua in the (1, 1)
distribution while U(1)×Û(3) has three vacua (equal toNc = 3) in (1, 1) distribution.
6.3.4 Nf = 6
In this case we can have r = 0, r = 1,r = 2 and r = 3 branches. The possible
baryonic and non-baryonic branches can be summarized in Table 6.
Û(2)× U(2) Û(1)× U(3) Û(3)× U(1) connection
r = 3 B
r = 2 B N no
r = 1 N B N no
r = 0 N N N no
Table 6: Summary of U(4) with six flavors.
Baryonic r = 3 branch: Via the addition map, we can reduce this to a U(2) the-
ory with two flavors in the r = 1 branch. Thus we conclude that on this branch,
the U(4) theory with six flavors has a unique classical limit with breaking pattern
U(4)→ Û(3)× U(1).
Baryonic r = 2 branch: Via the addition map, we can reduce this to the barynoic
r = 1 branch of U(3) with four flavors. There are two vacua coming from the
confining U(2) factor in the classical limit U(4)→ U(2)× Û(2).
Non-baryonic r = 2 branch: By using the addition map, we can reduce it to a
U(2) with two flavors in the r = 0. For this theory, we found only one solution which
leads to the classical limit U(2)→ U(1)×Û(1).Thus we conclude that the U(4) theory
with six flavors has a classical limit with the breaking pattern U(4)→ Û(3)× U(1).
The SW curve factorizes as follows
y2 = x4[(x+ a)2(x+ b)2 − 4Λ2x2] (6.43)
Extremizing the superpotential, we get one solution (a, b) = (0, α), which will lead to
the curve y2 = x6[(x+ α)2 − 4Λ2]. This is the form of the curve in an r = 3 branch.
We have seen this phenomenon before: this non-baryonic branch actually lies inside
the baryonic r = 3 branch.
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Non-baryonic r = 1 branch: By the addition map, we can reduce this to a U(3)
theory with four flavors in the r = 0 branch. In this reduced theory, we found one
vacuum which in the semiclassical limit became a vacuum of Û(2) × U(1) and two
vacua which in the semiclassical limit became vacua of Û(1)× U(2). Going back to
U(4), we conclude that there is one vacuum which leads to U(4)→ Û(3)×U(1) and
two vacua for U(4)→ Û(2)× U(2).
Baryonic r = 1 branch: After factoring out (x+m) factor from P4(x) we require
P3(x)− 2Λ2(x+m) = (x+ a+ b)2(x+ a− 2Λ− 2b− 2(m− a)Λ
b
)
P3(x) + 2Λ
2(x+m) = (x+ a− b)2(x+ a+ 2Λ + 2b− 2(m− a)Λ
b
) (6.44)
with the constraint b2(b + Λ) = (m − a)2Λ. In semiclassical limit Λ → 0 we find
b→ 0. Also ( (m−a)Λ
b
)2 = Λ(b+ Λ)→ 0, so P3(x)→ (x+ a)3. There are three vacua
for a fixed superpotential.
Non-baryonic r = 0 branch in (2, 0)/(0, 2) distributions: On this branch with
(0, 2) and (2, 0) distribution of roots, we have P4(x)−2ηΛ(x+m)3 = (x+a1)2(x+a2)2.
Then (see (3.44))
F (x) +
4Λ2(x+m)6
(x+ a1)2(x+ a2)2
= (x2 + (a1 + a2)x+ a1a2 + 2ηΛ(x− a1 − a2 + 3m))2 +O(x) (6.45)
and W ′(x) = x2+ (a1+ a2)x+ a1a2+2ηΛ(x− a1− a2+3m). We find two solutions:
m = 1
2
(a1 + a2 − 4ηΛ ±
√
(a1 − a2)2 + 16Λ2). In semiclassical limit, each solution
leads to U(4)→ Û(2)× U(2).
To count the number of vacua, we fix m and α and solve a1 and a2. Since a1
and a2 are symmetric, we have only one solution for each η = ±1.
Non-baryonic r = 0 branch in the (1, 1) distribution: By a shift in x, we can
arrange the two double roots to be at x = a and x = −a. The general case can be
recovered after shifting by a constant b: x → x + b, m → m − b. The factorization
we need is
P4(x) + 2Λ(x+m)
3 = (x− a)2z+
P4(x)− 2Λ(x+m)3 = (x+ a)2z− (6.46)
where z+ and z− are
z+ = (x+ a)2 +
Λ
a3
((m3 + 2a3 − 3ma2)x+ a(a3 + 2m3 − 3m2a))
z− = (x− a)2 + Λ
a3
((m3 − 2a3 − 3ma2)x+ a(a3 − 2m3 − 3m2a)) (6.47)
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Thus we find
F4(x) +
4Λ2(x+m)6
(x+ a)2(x− a)2
= (x2 +
m(m2 − 3a2)Λ
a3
x− a
3 + 3a2Λ + 3m2Λ
a
)2 +O(x) (6.48)
and hence W ′(x) is given by
W ′(x) = x2 +
m(m2 − 3a2)Λ
a3
x− a
3 + 3a2Λ + 3m2Λ
a
(6.49)
m must satisfy the following equation:
Λm4
a3
−m2 + a2 + 3Λa = 0 (6.50)
which yields four solutions which are given by
m1,2 = ±( a
3
2Λ
(1 +
√
(1− 6Λ
a
)(1 +
2Λ
a
) ))
1
2
m3,4 = ±( a
3
2Λ
(1−
√
(1− 6Λ
a
)(1 +
2Λ
a
) ))
1
2 (6.51)
We now discuss different semiclassical limits:
1. Λ → 0 with a fixed and finite. Then m1,2 blow up and should be discarded.
On the other hand m3,4 → ±a, P4(x) → (x + a)2(x − a)2, and the breaking
pattern is U(4)→ Û(2)× U(2).
2. Λ→ 0, a ∼ Λp with 0 < p < 1. In this case Λ/a is small. Then m1,2 ∼ ±(a3Λ )
1
2
and m3,4 ∼ ±a. For the solutions m1,2, we find that m≫ a in the Λ→ 0 limit.
To get a finite z+, we require Λ/a3 ∼ 1, so the constant term (in z+) drops out
and we get P4(x) → x3(x +m) with p = 13 . In this case the breaking pattern
is U(4) → Û(1) × U(3). From the solutions m3,4 we always obtain a singular
limit P4(x)→ x4.
3. Λ → 0, a ∼ Λp with p ≥ 1. Then m1,2,3,4 ∼ (−3a4) 14 , so P4(x) → x4. This is
always a singular limit.
Thus we find that for the solutions m1,2 the only smooth semiclassical limit
is U(4) → Û(1) × U(3). For m3,4 the only smooth semiclassical limit is U(4) →
U(2)× Û(2). Since these two classical limits arise from different solutions, we do not
expect them to be connected to each other smoothly. This result is quite different
from the the U(4) theory with two flavors where the three possible classical limits
were all connected through the same branch. When we increased the number of
flavors to four, the three possible classical limits were connected in pairs on two
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different branches. With six flavors, we find no smooth interpolations between the
different classical limits.
To count the number of vacua, we need to fix m and α and find the number
of solutions for a and the shifted constant b. From (6.49), we obtain the following
equation:
α− b+m− b = (m− b)((m− b)
2 − 3a2)Λ
a3
(α− b)(m− b) = −a
3 + 3a2Λ + 3(m− b)2Λ
a
(6.52)
We eliminate b = (m+α)a
3+6a(α+6m)Λ2+a2(5α+11m)Λ+m(36Λ2−(m−α)2)Λ
2a3+16Λa2−(m−α)2Λ+42aΛ2+36Λ3
and find the equa-
tion for a:
4a5 + 52Λa4 + (268Λ2 − (m− α)2)a3 + (648Λ3 − 11Λ(m− α)2)a2
+36Λ2(24Λ2 − (m− α)2)a+ Λ(432Λ4 − 36Λ2(m− α)2 + (m− α)4) = 0 (6.53)
This is a degree five polynomial for a, and thus has five roots. Keeping m and α
fixed, we find the asymptotic behavior of the five roots when Λ→ 0. First by setting
Λ = 0 in (6.53) we find two roots at a ∼ ±m−α
2
and three others with a → 0. The
two non-zero solutions are m3,4 in case (1) for which the semiclassical limit leads
U(4) → U(2) × Û(2). We can analyze the three vanishing solutions more carefully.
Assume that a ∼ Λp. Then from (6.53), we can conclude that a ∼ Λ 13 . Then the
dominant terms in (6.53) give −(m−α)2a3+(m−α)4Λ = 0, and we find three roots
a3 ∼ (m − α)2Λ. These three solutions correspond to m1,2 in case (2) above, for
which the semiclassical limit leads to U(4)→ Û(1)× U(3).
We can match the number of these strong coupling vacua with the number
obtained in the weak coupling region. U(2)× Û(2) has four vacua, two of which are
in the (2, 0)/(0, 2) distribution and two are in the (1, 1) distribution. Û(1) × U(3)
has three vacua which lie in the (1, 1) distribution.
In our discussion above, we have not found the semiclassical limit Û(3) × U(1)
in the r = 0 branch. This is because of the following reason. In (6.46), we have
implicitly assumes a 6= 0. When a = 0, the SW curve is of the same form as on the
r = 2 branch. In fact, after the minimization of the superpotential, the curve is as it
is on the r = 3 branch. In the semiclassical limit, this leads to the breaking pattern
Û(3)× U(1).23
6.3.5 Can we understand this phase structure from a weak coupling point
of view?
In our investigations of vacua on various branches of a U(4) theory with two, four
and six flavors, we encountered a rich phase structure which depended significantly
23Recall that a similar phenomenon occurred in U(3) → U(1) × Û(2) with four flavors charged
under the U(2) factor.
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on the number of flavors. Can we understand the structure from the weak coupling
point of view?
Recall that in Sec. 3.1, we discussed the vacuum structure of an N = 1 U(Nc)
theory with Nf massless flavors in the presence of a quartic superpotential of the
form (QQ˜)2. We found that vacua of this theory are characterized by an index r
which determines the form of the meson VEV. Furthermore, for Nf ≤ Nc, we found
2Nc −Nf vacua for r < Nf/2 (Nc −Nf/2 for r=Nf/2). For Nf > Nc, we found two
different sets of vacua. The first set (we will call it NB) had 2Nc −Nf vacua, while
the second set (we will call it B) had Nf−Nc vacua. In fact the second set is located
inside the baryonic branch with r = Nf −Nc. We have encountered this in the U(3)
gauge theory with four flavors and quadratic superpotential.
For U(4) with Nf flavors, we can have three semiclassical limits: (i) U(2)× Û(2),
(ii) U(1) × Û(3) and (iii) U(3) × Û(1). Consider the case Nf = 2. Then, in the
semiclassical limit (i) and (ii), the U(2) and U(3) factors have Nf ≤ Nc, so we
expect these factors to have 2Nc − Nf vacua, all belonging to the set NB. On the
r = 0 branch, in the classical limit (iii), the flavors are massive quantum mechanically,
and that vacuum should also be considered to be part of the set NB. Since all three
classical limits have vacua in the set NB, it is possible that these vacua are smoothly
connected.
For Nf = 4, in the classical limit (i), the U(2) factor has no vacuum in the set
NB and has two vacua in the set B. In the classical limit (ii), there are three vacua,
two of which lie in the set NB and one lies in the set B. In the classical limit (iii),
the U(1) factor has one vacuum in the set NB. Thus we expect vacua of (i) to be
smoothly connected to vacua of (ii) (and not vacua of (iii)), while vacua of (iii) can
also only connect with vacua of (ii). This is indeed the structure we found in the
previous subsection.
For Nf = 6, in the classical limit (i), the U(2) factor only has vacua in set B
while the U(1) factor in classical limit (iii) only has vacua in the set NB. In the
classical limit (ii) the U(3) factor also has vacua only in the set B. But for this
special case, the r = 0 branch is actually embedded inside an r = 3 branch. Thus we
expect no smooth interpolations to be possible between vacua in different classical
limits, which is indeed what we found in the previous subsection.
7. Conclusion
In this paper, we have studied the phase structure of N = 1 supersymmetric U(N)
gauge theories with fundamental matter that arise as deformations of N = 2 SQCD
by the addition of a superpotential for the adjoint chiral multiplet. The various
N = 1 vacua lie on different branches, some of which have multiple classical limits
in which the vacua are interpreted as those of a product group theory with flavors
charged under various group factors. On a given branch, the vacua are all in the same
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phase. What order parameters (or indices) distinguish between vacua on different
branches? An obvious characterization of a branch is the global symmetry group
(which in this case will be a flavor symmetry). We have mentioned other several
quantities, which provide necessary conditions for vacua to be on the same branch.
One such index is r, which characterizes the meson VEV in various vacua in the weak
coupling region, and labels the root of the r-th Higgs branch in the strong coupling
region. The global symmetry group must be the same on each branch. On the r-th
branch, the global flavor symmetry is broken as SU(Nf ) → SU(Nf − 2r) × U(1)r.
Another fact which distinguishes the different branches is if they are ‘baryonic’ or
‘non-baryonic’. These two types of branches differ from each other in the number
of condensed monopoles, and hence have different number of U(1)s at low energies.
Furthermore, a finer distinction is possible on the non-baryonic r-th branches which
arise when Nf > Nc and r < Nf − Nc. In these cases, there are two types of non-
baryonic branch. In the strong coupling region one arises from a generic non-baryonic
root, while the other is special case arising when the non-baryonic root lies inside the
baryonic root. These two kinds of strong coupling vacua match up with two types
weak coupling vacua in which the meson matrix is degenerate and non-degenerate.
We have also defined a multiplication index t in our theory with flavors. In [1],
in the absence of flavors, this index is related to a “confinement index” which had a
physical meaning in terms of representations whose Wilson loops did not show an area
law. The meaning of the confinement index is not clear in the presence of massless
flavors because perfect screening prevents Wislon loops in any representation from
having an area law and the naive definition of the confinement index always yields a
trivial result. Perhaps the connection to a matrix model [33, 34, 35] can be exploited
to define a more useful analog of the confinement index. In any case, the various
indices that are available to us are not refined enough to provide sufficient conditions
which determine the phase structure completely.
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